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THE NOTTINGHAM GROUP IS FINITELY PRESENTED.

M. V. ERSHOV

ABSTRACT

We prove that the Nottingham group N (Fp) is finitely presented as a pro-p group for p > 2.

1. Introduction

Let IF,, be a finite field of prime order p. The Nottingham group N (FF,,) is the group
of automorphisms of the ring F[[t]] which act trivially on (¢)/(t?) or, equivalently,
the group of formal power series {¢(1+ait+ast>+...) | a; € F,} under substitution.
The goal of this paper is to show that N (F,) is finitely presented as a pro-p group
for p > 2.

Given a pro-p group G, let L(G) denote the graded Lie algebra of G with respect
to the lower central series. Presentations of G are related to those of L(G); in
particular, if L(G) is finitely presented, then so is G. A presentation of L(N),
the Lie algebra of the Nottingham group, was computed by Caranti in [3]. He
showed that L(N) is not finitely presented, but there is a central extension of
L(N) which is finitely presented. The latter, together with the results of computer
calculations made by E. O’Brien, gave positive evidence of finite presentability of
the Nottingham group for p > 2.

In [6] we constructed a two parametric family { Q! (s, )} of subgroups of A/, whose
Lie algebras with respect to the Zassenhaus filtration (which in this case coincides
with the lower central series) are isomorphic to sly(F,) ® tF,[t] as restricted Lie
algebras. We also conjectured that one might be able to prove finite presentability
of N by first showing that its subgroups {Q!(s,r)} are finitely presented. Although
the Lie algebra sly(F,) @ tF,[t] is not finitely presented, the situation here is slightly
better than in the case of the Nottingham group, because there exists a group with
the same Lie algebra which is known to be finitely presented, namely SL3(F,[[t]]),
the first congruence subgroup of SLo(F,[[t]]). The problem is that the proof of
finite presentability of SL3(F,[[t]]) given in [9] relies on deep results about algebraic
groups over global fields and clearly cannot be generalized to non-linear groups. In
this paper we give a Lie-theoretic proof of finite presentability of SL(F,[[¢]]) which
easily extends to the groups {Q!(s,7)} and also gives an explicit bound for the
number of relators. Combining this result with Caranti’s presentation for L(N), we
prove the following:

THEOREM 1.1. Let p > 2. The Nottingham group N (F,) has a presentation
with 2 generators and at most 12p 4+ 32 relators.
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Remarks. 1) By a theorem of Camina [1], the Nottingham group is ”S-universal”,
that is, any finitely generated pro-p group can be embedded in N (F,) as a closed
subgroup. Thus Theorem 1.1 implies the existence of a finitely presented S-universal
pro-p group, answering a question posed in [5].

2) Conjecturally (see [8]), the minimal number of relators of N(F,) is equal to

5. It is possible to improve the bound given in the theorem using slight variations
of our method, but we do not see how to obtain a bound which does not depend
on p.
Organization. In section 2 we review basic facts about Lie algebras of pro-p groups.
Lie-theoretic methods of proving finite presentability of pro-p groups are discussed
in section 3. In section 4 we apply these methods to the groups {Q!(s,7)}. Finally,
in section 5 we prove the main theorem.

2. Preliminaries

Let G be a pro-p group. Given uy,...,u, € G, the (left normed) n-fold commu-
tator (uq,...,uy) is defined inductively to be ((u1,...,un—1),uy), where (u,v) =
u~ v~ tuw. The (closed) normal subgroup of G generated by all n-fold commutators
is called the n*" term of the lower central series of G and denoted by v, G.

Let w = {w1G D waG 2 ...} be a descending chain of closed normal subgroups
of a pro-p group G. We will call w a filtration of G if (w;G,w;G) C w;4;G for
all i, > 0. Note that our definition does not include standard requirements a)
wiG = G, b) Nw;G = {1} and ¢) w;G is open in G. The main example of a
filtration is the lower central series (which satisfies a) and b), but not always c)).

The graded Lie algebra of G associated with a filtration w will be denoted by

L¥(G). As a graded abelian group, L (G) = @ w,G/w,+1G, and the bracket is de-

fined as follows: given g € w;G\w;+1G and h g wle\ijG, set [gwit1G, hw;1G) =
(9,h) wi+j+1G. In general L¥(G) has the structure of a Lie algebra over Z,, the
ring of p-adic integers, but in many interesting cases one has pL“(G) = 0, so that
L¥(G) becomes a Lie algebra over F,,. If the terms of a filtration satisfy the in-
clusion (w;G)? C wy;G for all 4, then L*(G) has the structure of a restricted Lie
algebra where (gw;+1G)? = gPwyi41G. The basic example of such filtration is the
Zassenhaus series {Q,G}, where Q,G = [[ (v:G)" .

i-pi>n
Once again, let {w,G} be an arbitrarypﬁTtration of a pro-p group G. For each
n > 1, the quotient w, G/w,+1G has a structure of right G-module with respect
to the ”conjugation” action. More precisely, given g € w,G and h € G, we set
(gwn1G)" = g"w,11G where g" = h~!gh. Extending by linearity, we obtain a
o0

grading-preserving action of G on L¥(G) = @ w,G/wy,+1G which respects the Lie
=1

bracket. Note that if w;G = G, this action ig_necessarily trivial.

If g € w,G\wn41G, the coset gw,+1G (which can be thought of as an ele-
ment of L¥(G)) will be called the leading term of g and denoted by LT (g).
The number n will be referred to as the degree of g and denoted by deg ,(g). If

g € [ wiG, we set LT ,,(¢9) = 0 and deg ,(g9) = co. If g € w1 G, both the degree
i>1
and the leading term will be undefined. It is easy to see that LT ,((g1,92,---,9n)) =

[LT,(g1),-..,LT ,(gn)] provided deg ,((g1,92,--.,9,)) = deg(g1)+. . .+deg ,(gn).
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The Lie algebra of a pro-p group G with respect to its lower central series will
always be denoted by L(G).

3. Using Lie methods to prove finite presentability

In this section we will outline the general scheme of studying finite presentability
of pro-p groups using Lie theoretic methods. All pro-p groups are assumed to be
finitely generated.

Presentations. Let G be a pro-p group. A presentation of G is a pair (P) = (X, 7)
where X is a finite set and 7 is a surjective homomorphism from F'(X) to G (where
F(X) is the free pro-p group on X). Elements of Kerw are called relators of (P).
A subset R of Kerm will be called a set of defining relators of (P) if R generates
Ker 7 as a closed normal subgroup. For basic properties of presentations of pro-p
groups the reader is referred to [10].

If G is a pro-p group, then L(G) is a Z,-Lie algebra which is graded by positive
integers and generated in degree one. Presentations of Lie algebras in this category
are defined in a similar way — the role of a free pro-p group is played by a free
Lie algebra over p-adic integers, relators are assumed to be homogeneous, and the
homomorphisms grading preserving.

Proving finite presentability. Given a presentation of a graded Lie algebra L, the
problem of existence of a finite set of defining relators is equivalent to the following
question: does there exist an integer N such that for every n > N all relators
of degree n are consequences of relators of smaller degree. A similar approach to
proving finite presentability of pro-p groups is described below.

DEFINITION. Let G and H be pro-p groups. We say that H is an n-cover of G,
where n is a non-negative integer, if there is a surjective homomorphism ¢ : H — G
satisfying any of the two equivalent conditions:

1) ¢ induces an isomorphism between H/v,+1H and G/v,+1G,

2) Kerp C v,41H.

The map ¢ will be called an n-covering map.

Remark. It is easy to show that if H is an m-cover of G, then any surjective
homomorphism from H to G is n-covering.

Every pro-p group G has a finitely presented n-cover for any n (this follows from
part d) of Proposition 3.2 below). Therefore, to prove that G is finitely presented
it suffices to show that G has the following property (7)) for all sufficiently large
n.

DEFINITION. A pro-p group G has property (T,), where n is a positive integer,
if every (n — 1)-cover of G is also an n-cover of G.

Now fix a pro-p group G and a positive integer n, and suppose we are trying to
prove that G has (T},).

Let K be an (n — 1)-cover of G and let ¢ : K — G be an (n — 1)-covering map.
Choose presentations (Px) = (X, 7k ) of L(K) and (Pg) = (X, ng) of L(G) such
that mg = w7k, where @, : L(K) — L(G) is defined by ¢.(kvit1K) = o(k)vit1G
for k € v, K. Let Rg be a set of defining relators of (Pg).



4 M. V. ERSHOV

Clearly, the map ¢ is n-covering if and only if ¢, maps L, (K) isomorphically
onto L,,(G), where L;( ) is the i*" homogeneous component of L( ). Equivalently,
we must show that each relator of (Pg) of degree n is also a relator of (Pk). Since
¢ is (n — 1)-covering, (Pg) and (Pk) have the same relators in degrees less than
n, and therefore every relator of (Pg) which is a consequence of relators of (Pg)
of degrees less than n is automatically a relator of (Pk). In particular, if Rg does
not contain any relators of degree n, there is nothing to prove. As an immediate
consequence we obtain a well-known relation between finite presentability of a pro-p
group and its Lie algebra:

PROPOSITION 3.1. Let G be a pro-p group. If L(G) is finitely presented, then
G is finitely presented.

Unfortunately, in the examples which are of interest to us Lie algebras fail to be
finitely presented, so Proposition 3.1 cannot be applied.

Going back to the general case, it remains to show that every element of PRg of
degree n is a relator of (P ). Consideration of the Lie algebras L(G) and L(K) alone
is insufficient for this purpose and we have to make better use of the fact that K is
an (n — 1)-cover of G. The idea is to choose a filtration w of K which ”descends”
faster than the lower central series and study the associated Lie algebra L“(K)
using the action of K on it. Below we give a specific example of such filtration and
explain how obtained information about L¥(K) may be used to solve our problem.

Fix a positive integer ¢ such that 1 < ¢t < n, and let ¢ be the largest integer such
that t¢ < n. Given a pro-p group H, let {w;H} be the following filtration of H: we
set w;H = v+ H for i < ¢ and w;H = 7,41 H for i > c. This is indeed a filtration
since t(c+1) > n+1. Let L¥(H) = € L¥ (H) be the associated graded Lie algebra,
. L#(H) = wiH w1 H. Clearly Lo(H) = 0 for i > c.

The group K acts on L¥(K) (by conjugation) and also on L“(G) (by composition
of the action of G on L*(G) with the covering map). Since K is an (n — 1)-cover
of G, the K-modules L¥(G) and L¥ (K) are isomorphic for i < c.

Now suppose that we found g1, g2 € G such that (g1, g2) € 7. G and deg ,(g1) +
deg,,(92) = ¢. Choose ki, ks € K such that ¢(k;) = g; for i = 1,2. Since K is an
(n — 1)-cover of G, we know that (k1,k2) € v, K. Now if k is an arbitrary element
of K, we have

(KT, k5) = (k1 k2)* = (k1 k) mod 9,41 K (= wep1 K).

Let Uy = LTw(kl) and U = LTw(k2) Note that [ul,u2] = (kl, kg)wc+1K. Now by
definition of the K-action on L*(K) we have uf = LT ,(k¥) and uf = LT ,(k}),
whence (k, k§)w.i 1K = [u¥,u5]. Thus the above congruence is equivalent to the
following relation in LY (K):

Tyus] = [ur, us). (3.1)

By an earlier remark we know how K acts on L¥(K) for i < ¢, whence both u¥
and u} can be ”evaluated”.

[w

If we happen to know that L“(G) is a restricted Lie algebra and there exists
g € G such that p-deg g = cbut ¢ =1 mod 7,G (e.g. if g = 1), we can play
the same game with the identity (¢")? = (g”)", where h is any element of G.
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Finally note that L, (K) = v, K/vn+1K lies inside L¥(K). Therefore, by taking
appropriate linear combinations of relations of the form (3.1), it is possible to obtain
new relations in L, (K) and hence new relators of the presentation (Pg) of L(K).

The method we just described will be applied in the next section to prove finite
presentability of SL}(F,[[t]]) and the groups {Q'(s,r)}. As a preparation for the
proof we are going to state basic properties of covering maps (some of which we
already discussed) in a slightly different language which is more technical but is
better suited for a formal justification.

DEFINITION. A pointed pro-p group is a pair (G, S) where G is a pro-p group
and S = (g1,92,...,9n) is a fixed generating n-tuple of G.

Now let (X, 7) be a presentation of G, where X = {x1,x2,...,2,}, and let R be
a set of defining relators. If 7(z;) = g; for i = 1,2,...,n, we will say that (X | R)
is a presentation of the pointed pro-p group Q = (G, (g1, 92, - - -, gn)). Any element
of Ker 7 will be called a relator of Q. More generally, given w € F(X) and g € G,
we write ws g if T(w) = g.

Pointed Lie algebras and their presentations are defined in a similar way. Note
that with each pointed pro-p group Q = (G, (91, g2, - - -, gn)) one can associate the
pointed Lie algebra (L(G), (LT g1, LT go, ..., LT g,)) which will be denoted by L(2).

DEFINITION. Let Q = (G, (91,92,---,9m)) and A = (H, (hy,ha,...,hy)) be
pointed pro-p groups. We say that A is an n-cover of 2 if there exists an n-covering
map ¢ : H — G such that ¢(h;) = g; for i = 1,2,...,m (obviously, such ¢ is
uniquely determined).

PROPOSITION 3.2. Fiz a positive integer n. Let Q = (G, (91,92, --.,9m)) and
A = (K, (k1, ko, ..., km)) be pointed pro-p groups. Suppose that A is an (n—1)-cover
of Q and let v : A — Q be the covering map.

a) A is an l-cover of Q, where | is some integer, if and only if every relator of
L() of degree i <1 is also a relator of L(A).

b) Let LF(m) be o free Zy,- Lie algebra on m generators. If w € LF(m) is ho-
mogeneous of degree less than n and k € K is such that w L& LT ¢(k), then
W LT (k).

Now choose a presentation of L(2) and let {wy,...,w:} be the set of defining rela-
tors of degree n.

¢) If each w; is a relator of L(A), then A is an n-cover of Q.

d) If A has a presentation with r (defining) relators, then there exists an n-cover
A of Q which has a presentation with r + t relators.

Proof. Parts a) and b) are straightforward.
Part ¢) Let w € LF(m) be a relator of L(2) of degree n. Then w can be written

in the form
w = Z Aw; + Zuj[vj,uj],

where \;,u; € Z, and each v; is a relator of L(Q) of degree less than n. Now
N 0 for all 7 by assumpt(i)on and v, LA 0 by part a) since A is an (n — 1)-

cover of Q. Therefore, w LA
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Part d) Define a homomorphism 7 : F' = F(x1, o, ..., %) — K by setting w(z1) =
k1,...,m(xm) = km. For each i = 1,...,t choose W; € F such that LT (W;) = w;.
Since w; L(Q:) 0, there exists Z; € y,41F such that WiZfl 5 1. Let K be the quo-
tient of K by the closed normal subgroup generated by =(W;Z; '), ... (W Zh)
and let A = (K, (ky,...,kn)) be the corresponding pointed pro-p group. Clearly,
A'is an (n — 1)-cover of Q which can be presented by r +t relators. Moreover, each
w; is a relator of L(A) by construction. Therefore, by part ¢) A is an n-cover of 2.

O

4. Finite presentability of the groups {Q(s,r)}
Let r and s be positive integers such that r < p*/2. Let Q(s,r) be the subgroup
of the Nottingham group N (F,) consisting of all elements of the form

lat™ +b

o d where a,b,c,d € Fp[[tps]] st.a—1=d—-1=b=0 mod tFy[[t]],

and let Q'(s,r) be the subgroup of Q(s,r) which consists of the elements of the
above form with an extra restriction ¢ € tF,[[t]]. It is easy to see that the index of
Ql(s,r) in Q(s,r) is equal to p.

These groups were introduced and studied in [6] where we constructed a bijection
from SL(F,[[t]) to Q'(s,r) which is not a group homomorphism but induces an
isomorphism of the Lie algebras with respect to the lower central series (in [6], we
called such a map an approzimation). Moreover, for both groups the lower central
series coincides with the Zassenhaus filtration, and the associated Lie algebras are
isomorphic as restricted Lie algebras. The map 5, : SL3(F,[[t]]) — Q' (s, ) defined
below is an example of such approximation.

a b N, )
: =\ ——— =p°.
Es,r c d cair +dq, whnere q P

The same map establishes a bijection between a Sylow pro-p subgroup of SLy(F,[[t]])
and the group Q(s,r).

The goal of this section is to show that the groups {Q!(1,r)} are finitely pre-
sented. The restriction s = 1 is a matter of convenience, and the result is undoubt-
edly true for all s. We do not know if our argument works for any pro-p group G
such that L(G) is isomorphic to sly(F,) @ tF,[t] as a restricted Lie algebra, but
it definitely does for SL3(F,[[t]]). In fact, we will treat this case explicitly as it
requires very few modifications to the proof. For the rest of this section the number
r < p/2 will be fixed, and Q will denote the group whose finite presentability we
are trying to prove. Thus either @ = Q'(1,7) or @ = SL(F,[[t]]); in the latter case
the value of r is irrelevant.

We start by giving a presentation for the Lie algebra L(Q). Define E,,, F,, H,, € Q
as follows. If @ = SLi(F,[[t]]), we set

_ 1t _ 1 0 _ —L_ 0
(6 7) 2=(n 1) 2= ("7 iig)

If @ = Q'(1,r), we replace the above elements by their images under the map &1 ..
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Thus
_ _ t _ t
E,=vtr+tm, F=———ouu— H,=——.

/1 4 tpntr /1 — 2tPm

Note that Q is generated by E;, Fy and H;. Finally, we set &, = LT (E,), f, =

LT (F,),h, = LT (H,) for n > 1.

Let LF = LF(x1,%1,%1) be the free Z,-Lie algebra on 3 generators z1, y; and

z1. Define x,,, yn, z2n € LF inductively by setting z,, = §[zn,1,x1], Zn = [Tn—1,91],
1
Yn = —§[Zn—1,y1]~
PROPOSITION 4.1. The following hold:
1. The Lie algebras L(Q) and sla(F,) @ tF,[t] are isomorphic via the Fy-linear map

defined by €, — et", f, — ft", h, — ht™ (here (e, f, h) is the standard sly triple)

2. Let Q = (Q, (Ey, F1, Hy)). The pointed Lie algebra L(QY) = (L(Q), (&1, f1,h1))
admits the following presentation

<m1,y1,z1 | px1, pYyi, Pz, [x17$2]7 [y1792]7 [21722}7

[x1, 22] = [x2, 21], [y1, 22] = (Y2, 21], {[2pn—1, 21]}y)- (4:1)

Moreover, we have x,, L@ €ns Yn L fns 2Zn L) hy for allm > 1.
Proof. Part 1. The statement is obvious in the case @ = SL(F,[[t]]). In the
case @ = Q'(1,r) the proof is analogous to that of [6, Theorem 1.1].
Part 2. The assertion can be verified by adapting the argument of [4, Theo-
rem 2b)]. O

The main technical result of this section is the following
PROPOSITION 4.2. If N > 5p? + 5p, then Q has property (Tx).

COROLLARY 4.3. FEach of the groups Q'(1,7) and SL}(F,[[t]]) has a presenta-
tion with 3 generators and at most 5p 4+ 13 relators.

Proof. The presentation of L(2) given above has three defining relators of degree
1, five defining relators of degree 3 and one defining relator of degree pn for each
n > 1, whence the number of defining relators of L(£2) of degree at most 5p? + 5p is
equal to 5p+13. It follows from Proposition 3.2d) that there exists a (5p2+5p)-cover
G of Q which has a presentation with 3 generators and 5p + 13 relators. Applying
Proposition 4.2, we see that G is an n-cover of @ for any n, whence G is isomorphic

to Q. ]

Proof of Proposition 4.2. We only have to consider values of N which are degrees
of defining relators of presentation (4.1) of L(2). Therefore we can (and will) assume
that N = pM, where M > 5p+5. Let G be an (N —1)-cover of Q and let ¢ : G — Q
be an (N — 1)-covering map. For every n > 0 choose E,, F,,, H, € G such that
¢(En) = By, ¢(Fn) = Fy and p(Hy) = Hy,.
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CLAIM 4.4, [LT (Hy_1),LT (H)] = 0.

The proof of this claim will occupy the majority of the section. But first we
will explain how the assertion of Proposition 4.2 follows from it. Let us apply
Proposition 3.2c) to the pointed pro-p groups Q = (Q, (Ey, Fi, Hy)) and A =
(G, (FE1, F1, Hy)). Presentation (4.1) of L(Q2) has exactly one defining relator of
degree N, namely [zy_1, 21], and therefore it is enough to show that [zx_1,21] is a
relator of L(A). Since A is an (N — 1)-cover of €, it follows from Proposition 3.2b)
and part 2 of Proposition 4.1 that z; LA LT (E;), y; LS LT (F;), 2 LA LT (H;)

for i < N. Therefore, [zy_1, 1] [LT (Hy-1),LT (Hy)] = 0. O

L(A)
For the rest of the section we write G,, = v,G and Q,, = 7, Q for all n.
Proof of Claim 4.4.

LEMMA 4.5. Let m and n be positive integers. The following relations hold in
the group G.

case @ = Q'(1,7) case @ = SL3(F,[[t]])
W(En, Bm) =1 mod Gy pm—r Gmtpn—r Gy  mod Gy
2)(Fn, Frn) = mod Gt pmtr Gmipntr Gy mod Gy
3)(Hp, Hp) =1 mod G pm Gmtpn ON mod Gn
4Fm = PPy, mod Gomin Gpnimsr Gy m0d Gopgn Gn
5)E5m = EnEr;%m mod Gpmtn Gpn+m—r GN mod Gy
6) By = EnHysm  Frlyy, m0d Gongm Guipmer Gy mod Gongrn Gy
TEE =1 mod G(pq1yn—r GN mod Gy
8)FP =1 mod G(pi1)ntr GN mod Gy.

Proof. Notice that Gy appears in each of the above congruences. Since G/Gn =
Q/QnN, we can replace all occurrences of E;, F;, H; and G; by E;, F;, H; and
Q;, respectively, and prove the resulting congruence in Q. If @ = SLL(F,[[t]]), all
congruences can be verified by direct computation. If @ = Q!(1,7), computation is
also not very difficult, but it can be avoided as explained in appendix. |

Now we start studying the action of G on its Lie algebra L“(G) associated with
the filtration {w; G} where

wiG =Giynm—s) fori <p and w;G=Gny1 fori>p.

This is indeed a filtration since (p+1)(M —5) = pM+M —5(p+1) > pM+1 = N+1.

We claim that L¥(G) is a restricted Lie algebra, i.e. (w;G)? C w;,G for all i. We
know that this is true for i = 1 since (Qar—5)? € Qpar—s5) and G is a (pM —1)-cover
of Q. For i > 1, the inclusion is a consequence of a more general result.

LEMMA 4.6. Ifg € Gary1, then gP € Gy
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Proof. The following group-theoretic identities are well-known (see [8]):
(R1) (ey)? = 27y?  mod K(z,y)
(R2) (2”,y) = (z,y)"  mod K(z, (z,y))
where K (a,b) is the normal closure of 7,(a,b) - (y2{(a,b))” in (z,y).

We will show that gf C Gpm+a for i > M + 1 by downwards induction on ¢. Fix
1, and suppose we already proved the assertion for all i’ > i. Let g € G;.

Case 1. g is a pure commutator, i.e. g = (h, k) where h € G;_; and k € G.
We use law (R2) with 2 = h and y = k. The right-hand side is equal to ¢,
while the left-hand side is equal to the commutator (h”, k) which lies in Gpar41
because h? € GY, C Gy The group K(h, (h,k)) = K(h,g) is generated as a
normal subgroup of G by (h, g)? and p-fold commutators in {h, g} (i.e. commutators
(u1,...,up) where each u; is equal to h or g). All such commutators belong to Gy 1
by degree counting, and (h, g)? € Gy1 by induction, whence g? € Gy 1.

General case. There exist finitely many elements g1, ..., g, € G; such that g; is a
pure commutator for each k, and g = ¢g192 ...9, mod (Gni1,4%,...,9%). Applying
law (R1), we have g = g¥gh ... g2 - Wi Ws mod (Gni1,6Y,...,9%) where Wy €
Y Gi € Gpi and Wa € (12 G;)P C G.. Now gf € Gnyq by case 1, Wi lies in Gy
since pi > pM + p > N, and W5 € Gy41 by induction. O

In what follows, we denote the leading terms of F;, F; and H; (with respect to
the filtration w) by e;, f; and h;. If g € G, the degrees of g with respect to w
and the lower central series will be denoted by deg ,(g) and deg(g), respectively.
We can also consider two different notions of degree for homogeneous elements of
L¥(G): if u = g wi1+1G (where g € w;G\w;1+1G), we set deg ,(u) := deg ,(g) = i and
deg (u) := deg (g). Clearly, deg (u) is well defined, and deg ([u, v]) > deg (u)+deg (v)
(for convenience we set deg (0) = o0).

Now fix a positive integer k < 5 such that (p+ 1)(M — k) —r > N = pM. By
part 1) of Lemma 4.5, E%, , € Gy and therefore

EP, = (EY, )" = (Erk )P mod Gnii (= wps1G). (4.2)
Notice that both sides of (4.2) lie in w,G. Taking their images in L (G) = w,G/wp11G,
we obtain
b, p=(ehr P (4.3)
Indeed, ef, , = (LT ,Ex—i)P = B}, wp1G, while (eys_ )P = (EyF_, )Pwpi1G.

By part 6) of Lemma 4.5 we know how F} acts on ep_g:

eﬁ“fk =epm—k+hy— furr+2z where deg(z)>M+ (p—1Dk+r.

By the restricted Lie algebra axioms, we have
(et )P = (en—k + har — farpn +2)P = €hy_ +hh, — frren +28 +w,  (4.4)
where w is a sum of p-fold (Lie) commutators in {ers—k, Anr, fartr, 2}

By Lemma 4.6, Fy,, € Gny1, whence f},,, = 0, and similarly z# = 0. All com-
mutators which involve z also vanish. Indeed, if u is a p-fold commutator involving
=, then dog (u) > deg (=) + (p— 1)de (exr—) = M+ (p— 1)k +7+ (p—1)(M—F) >
pM = N, whence u = 0 (since Gn11 = wp11G). The remaining commutators can
be ”reduced” according to rules 1)-6) below (which follow easily from Lemma 4.5).
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Let 7 and j be positive integers such that < + j < p. We have

Dleiv—k,ejp—x] =0 d)leirnr—k, hjn] = —2€(iqjym—k
2)[fint+ks fing+r) =0 5)[fint+ks hjme] = 2f (i jynrrk
3)[hires hjnr) =0 6)[eint—ks finrrk) = Piigjynm-
(4.5
Let [u1,u2,...,up—1,v] be a (p-fold) commutator in {er—_k, hAns, frrsr}, an
let y = [u1,u2,...,up—1]. Suppose that ep;_j appeared a times in the sequence
U1, U2, ..., Up—1, and far4r appeared b times. Multiple application of rules 1)-6)

yields the following;:

y=0if la—b| > 1, yEF, fo—vymqr ifb—a=1,
yEth(p_l)M lfb*a:(), yEFpe(p—l)M—k ifb—a=-1.

Therefore, up to scalar multiples, we have only three possibilities for y. Combining
this observation with (4.3) and (4.4), we conclude the following:

9
hzj/[ = Zaiwi (46)
i=1
where aq, ..., ag are integers (modulo p) and wy, ..., wy are defined below:

w1 = [e(p—l)M—k:aeM—k’L W2 = [h’(p—l)]\/f76M—k]a w3 = [f(p—l)M-i—k;eM—k]v
Wy = [e(pfl)MfkahM]v Wy = [h(pfl)MthL We = [f(pfl)MJrk)hML

wr = [ep_1)M—k> fask], ws = [hp_1yar, fursk], wo = [fp—1) Mk, farse]-
Moreover, it is easy to see that each «; is independent of k.

From now on we will assume that £ = 1 or k£ = 2. This will allow us to simplify the
right hand side of (4.6).

LEMMA 4.7.  The following equalities hold:

1)w6:w8:w9:0 2)w4:—w2—|—w7—|—w3—w5
1
3)11)1 =0 4)w7 = —ws + §[h(p,2)M, th}

Proof. Part 1) is obvious (degree counting).

Part 2). The elements Ey;—p and E,_1)p—j commute modulo Gy by Lemma 4.5.
Therefore, applying formula (3.1) from the previous section we get

[e]\F;f]w e(FI‘)kf]_)Mfk] = [eM*}ﬁ e(pfl)Mfk]'

As before we have
eht = enmok+har — fasr +a
etk = Co-m—k + hpoyn = fp-nymik +y
where deg (z) > M + (p— 1)k +r and deg(y) > (p—1)M + (p— 1)k +r.
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Combining these formulas, we get

lerr—k+ha — farn+2, e nym—k Hhp—1ym — fo—1) Mk Ty = [err—k, ep—1)n—k]-

Expanding the left-hand side and taking into account that all commutators in-
volving either z or y are equal to zero by degree counting, we obtain an equality
which is equivalent to the assertion of Part 2) modulo the results of Part 1).

Part 3) Let 2 be the set of triples (m, n, ) such that m+pn—r > N, n+pm—r > N,
m~+n+pl > N and M —5 < m,n. We are going to prove the following two statements
by joint induction:

a) [eerlv en] = _[emv €n+l] if (m7nv l) € Ql;

b)[em,en] = 0 if there exists [ such that
(myn—=101)eA, (m—1I,nl)eAand (m—1I,n—172) e

Let S = m + n. Both statements are obvious if S > N, and we proceed by
downwards induction on S.

We start with part a). Let (m,n,1) € 2. The first two inequalities in the definition
of & ensure that F,, and F, commute modulo Gy, and the last inequality implies
that F,, and E, lie in w1 G (so their leading terms are defined). As before we have

[eanlaegl] = [em, en).
Part 5) of Lemma 4.5 yields
el — ¢ — 2,4+ 2 where deg (z) > m + pl
efl =ep, — 2ep11+ Yy and deg (y) > n + pl.

Since m +n + pl > N, all commutators involving = or y vanish and we get
[ems €n] = 2[em+1, €n] — 2[em, enti] + 4lemti, enti] = [em, en].

Now [em+i, €nti] = 0 by induction, and the result follows.
To prove part b) apply part a) to the triples (m —I,n,l), (m —I,n —1,2l) and
(m,n —1,1). We have
[emu en] = _[emflv en+l] = [em+la enfl] = _[ema en]7

whence [e,,, e,] = 0.
It is easy to check that the triple (m,n,l) = (M —k,(p — 1)M — k, 3) satisfies
the conditions of part b) for & = 1,2, whence [err—k, €(p—1)p—1] = 0.

Part 4). This is easy — just apply the Jacobi identity to the triple eps—k, far+k,
h(p—2ynr and use formulas (4.5). O

Equation (4.6) can now be rewritten in the form

Py = Balhp—1)ms enr—k)+03 [ fp—1) Mk €nr—k]+Bshp—1)ars har]+Brolh(p—2) a1, hand]
where each (; is independent of k.

The above equality can be translated into group-theoretic language as follows:

HYy = (Hp—1ar By 1) (Fp—1yassks Ev—k)™
(Hp—1ynr, Har )" (H(p—2yar, Hang)?* mod Gy, (4.7)
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Applying the covering map ¢ : G — Q to both sides, we see that the following
congruence holds in Q:

E[pM = E;]ﬁ\/f,k Hp_j\gs mod QN+1.

For this to be true, we must have 83 = —1, B> = 0, and so the first factor on
the right-hand side of (4.7) vanishes. Note that the remaining factors of (4.7) lie
in Gn. Now we go back to Lie algebras, but this time we will work with L(G),
not L¥(G). By abuse of notation we denote the leading terms of E;, F; and H; in
L(G) by the same symbols as their leading terms in L¥(G), and let v = LT (HY,).
Congruence (4.7) is equivalent to the following equality in Ly(G) = Gn/Gn41:

v =lesr—k, fip—1)ym+k] + Bslhp—1)ars har] + Bro[Pp—2)ar, hanr]- (4.8)

Since G is an (N —1)-cover of Q, we can evaluate all commutators in {e;, f;, h; };>1 of
degree less than N using the isomorphism L(G) /ynL(G) — sla(F,)®tF,[t]/(tVF,[t])
given by e; — et?, f; — ft', hy — ht'. For any n > 1, m > 1 with n +m = N we
have

[envfm] = %[hlvenflvfm} = _%[enflafm;hl] - %[fm,hlaenfl] =

0
[en,l, ferl] — 5 where 0 = [thl, hl]
) k .
Iterating, we get [en, fin] = [€n—k, frmtk] — 59. In particular,

k
lert—ks fp—1)ym+kl = lenrs fp—1ym] + 59-

k
Combining the last equality and (4.8), we see that —@ is equal to something

independent of k. Since k can be equal to 1 or 2, we conclude that 8 = 0. But
6 = [LT (Hy-1),LT (H;)]. The proof of Claim 4.4 is complete. O

We finish this section by giving a bound for the number of relators needed to
present the groups {Q(1,r)}.

COROLLARY 4.8. The group Q(1,7) has a presentation with 2 generators and
at most bp + 15 relators.

Proof. Since Q'(1,r) has index p in Q(1,r), it is easy to deduce from Propo-
sition 4.3 that Q(1,r) has a presentation with 4 generators and 5p + 17 relators.
In the next section we will show that Q(1,r) can be generated by two elements.
Thus the assertion of the Corollary is a consequence of the following well-known
fact (see [10]): if a pro-p group G has a presentation with n generators and m
relators, then any presentation (X, 7) of G has a set of defining relators 8 such
that card (R) = card (X) + m — n. O

To simplify notation, in the next section we set Q(r) = Q(1,r).
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5. Finite presentability of the Nottingham group

In this section we give the proof of the main theorem. But first we need to recall
several facts about the structure of the Nottingham group.
The Nottingham group N' = N(F,) has a natural congruence filtration {\,,}
where N, = {t(1+ a,t" +a,+1t" 1 +...)}. The associated graded Lie algebra L =
o0

Leorg(N) = @ N, /N,y is known to be isomorphic to the positive part of the Witt
n=1

algebra W+ = Der TF,[t] = @ F, e;, where e; = t'719; and [e;, ;] = (i—j)eit;. An

isomorphism between the two algebras is given by the map LT cong(¢(1+1")) — ey,.
The lower central series is closely related to but different from the congruence
filtration. In fact, one has

Yp-1)itiN = {

Now we will describe L(N ), the Lle algebra of N with respect to the lower central
series. For each n > 0, set U, 1 = € N and let %, = LT (U ). The elements
{1, }22, form an F,-basis of L(/\/) (notlce that deg (@,) # n for n > 1). The Lie
algebra structure on L(A) is determined by the following formulas:

Npitj if 0<j<1
Npi+j+1 if 1 <j <p—1

_ . [ (i—-2)uye ifi=0,1 modp
(G, ] = (0 = V)i, [, To] = { 0 otherwise

Caranti [3] found a finite presentation for a certain central extension of L(N). As
a consequence of his result we can write down a simple presentation for L(N).

Let LF' = LF(uq,u2) be the free Z,-Lie algebra on generators u; and us. Define
Up, Ty € LF for n > 3 inductively by setting

1
n—2
Unp = ) n = [un713u2}~

1
n—4

[Uun—1,u1] if mn#2 modp

[Un—2,u2] if m=2 modp

ProPOSITION 5.1.  Assume that p > 5.
1) The pointed Lie algebra w = (L(N), (t1,u2)) admits the following presentation:

<U1,U2 |Pu1apu2, T4,7T65-+3Tp—5,Tp-3, [Up+17U1]77"2p+2+U2p+3,{?"pn—1}%o:1>-

2) For each n > 1 we have Up = Uy

As one can see, the set of defining relators of L(N) consists of an infinite family
{rpn—1} and a finite number of ”exceptional” relators. An easy computation shows
that deg (rpn—1) = (p — 1)n — 1 and the degrees of exceptional relators are equal to
1 (twice), 3, 5, ..., p—4, p+ 1 and 2p. Thus the largest degree of an exceptional
relator is equal to 2p, and the number of defining relators of degree at most 2p is

equal to

Next we will discuss the relationship between A and its subgroups {Q(r)}, 1 <
r < (p—1)/2. Let q(r) be the Lie subalgebra of L"8(\) corresponding to the
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subgroup Q(r), i.e. q(r) = é (Q(r)NN;) /(Q(r) N Nit1). In [6] we showed that

i=1

q(r) = @ Fpen.

n=0,£r mod p

As a consequence, one can prove the following:

a) q(r) is generated by e, and e,_,, whence Q(r) is generated by any pair of
elements z,y € Q(r) such that LT ¢ong(x) = Ae, and LT cong(y) = pep—r with
A, i # 05

b) 72, Q(r) = Npi N Q(r) and V2,41 9(r) = Npitr N Q(r) for all i;

c) N =09(1)Q(2)...9(251), i.e. any g € N can be written in the form g1gs ... gp-1
where g, € Q(r); ’

d) if r # 1, then Q(r) N Q(r') = 7 where T = {t(1 + tPa) | a € F,[[t’]]}. This
group was studied by Fesenko in [7]. In particular, he showed that 7 is finitely
generated.

Note that if p = 3, the group Q(1) coincides with A, and the assertion of Theo-
rem 1.1 holds automatically. Thus from now on we assume that p > 5.

Here is the outline of the proof of the main theorem. We start with choosing a
finitely presented 2p-cover of A/. Then after imposing finitely many relations we
obtain another cover which contains subgroups S; and Ss isomorphic to the groups
Q(1) and Q(2), respectively. Now each of these subgroups contains an isomorphic
copy of the group 7 := Q(1) N Q(2). Since 7 is finitely generated, we can take
another quotient (which is still finitely presented) where the two copies of 7 will be
identified. The latter group turns out to be isomorphic to A; this will follow from
the specific form of relators in the family {r,,—1}. Before proceeding, we introduce
an important piece of notation which will be used throughout the proof. The initial
cover of A will be called Q and the two quotients of G mentioned above will be
denoted by G’ and G. We will specify certain elements and subgroups of G and
denote each of them by a symbol of the form a (where a is different in each case).
We agree to denote the images of @ in G’ and G by o’ and a, respectively.

- t
Proof of Theorem 1.1. Consider the following elements of N: A; = 17 Ay =

t _ o [
\/ﬁ’ B, =t-— > By = [t — 1 and let Q be the pointed pro-p group
(N, (A1, Ag)).

5 7
Let (G, (A1, As)) be a 2p-cover of Q presented by at most Pt

cover exists by Proposition 3.2d)). Let ¢ : A — €2 be the covering map, and choose
Bi1,By € G such that ¢(B;) = By, ¢(B2) = Bs. Now for i = 1,2, A; and B;
generate the group Q(i). Let (zi,y; | Ri1(xi,yi), - - -, Rix(wi,y:)) be a presentation
of the pointed group (Q(i), (4;, B;)) where k = 5p + 15 (such a presentation exists
by Corollary 4.8), and let G’ = G/({Ri1 (Ai, B;), . .., Rir(As, Bi) Yiea 2)9.

Since all the elements R;; (A;, B;) are trivial in J\/, the surjection ¢ : G - N
factors through G’, whence (G’, (4], A%)) is also a 2p-cover of 2 . Moreover, the
subgroups S; =< A}, B} > and S, =< A}, BS > of G’ are isomorphic to (1) and
Q(2), respectively.

Finally, we must "glue” S and S5. Let 7 = Q(1) N Q(2). Recall that T =
{t(1 + tPa) | a € F,[[t?]]}. It follows from [7, Theorem, p.743] that 7 is gen-

relators (such



THE NOTTINGHAM GROUP IS FINITELY PRESENTED. 15

erated by the elements Hy,...,Hy,.1 where H; = t(1 + t*) € N. Let H;; be

the unique element of S; such that ¢(Hj ;) = H;. We claim that the group G =
g’/(H{’lHé’lfl, e H{,pHHé’pH*l)g/ is isomorphic to N.

Let A = (G, (A1, A2)). Obviously, A is a 2p-cover of Q. By abuse of notation, the
covering map from A to © will also be denoted by ¢. Now fix n and suppose we
have already shown that A is an (n— 1)-cover of Q. To show that A is an n-cover of
Q we will apply Proposition 3.2¢). Note that LT ¢(A4;) = @; for ¢ = 1,2, whence the
pointed Lie algebra w, whose presentation was given in Proposition 5.1, coincides
with L(€). The above presentation has no defining relators of degree n > 2p unless
n = —1 mod (p — 1). Thus we can assume that n = (p — 1)M — 1 for some M
in which case [upap—2,u2] is the unique defining relator of degree n. Therefore, it
suffices to prove that [u,nr—2, ug] is a relator of L(A).

Let D = (BQ,AQ,BQ,AQ,. . .,BQ,AQ,BQ) € Q, and let D = (P(D) € N. A direct

aM-1
computation shows that D=8 = U,p/—2 mod 7, N which implies

UpM—2 L(Q:) —8LT (D) = —8LT QD(D) S Ln_l(N)

But A is an (n — 1)-cover of Q, whence upn—2 LA 8LT (D) € L,_1(G) by
Proposition 3.2b). Similarly one shows that ug LA LT (A2) € L1(G). Therefore,
[upri—2, us] L& 0 if and only if the commutator C = (D, As) lies in v,41G. We
are going to show that C? = Hoyy = Hi oy =1 mod v,41G.

Step 1: H27M = HI,M~

Indeed, let 77 = ({H1,}2,) and 7o = ({H2,;}2,). Since Ker ¢ intersects 7; and
T, trivially, and ¢(77) = ¢(72) = 7, there is a unique isomorphism ¢ : 77 — 7o
such that ¢ |7, = ¢|7,. Clearly, «(Hy,;) = Ho,; for all i. But Hy;; = Hy; in G for
i=1,2,...,p+1 by construction, and since 7; is generated by H; 1,... Hj py1, we
conclude that ¢ has to be the identity map. Therefore, H; ; = Hs ; for all 1.

Step 2: C? = Hy pr mod v,410.

A computation in A shows that H;,'¢(C)? € Nyar+2NQ(2) = yanr+19Q(2). Since ¢
maps Sy isomorphically onto Q(2) and ¢(Hz ) = Hyr, we conclude that Ho py =
C? mod Yopr4182. But Yo, So € 4, G since (Yo S2) = 121 2(2) C Ypi1 N and
Ker ¢ C 7, G. Therefore, v2p7+1S52 € 7,419 and we are done.

Step 3: Hy pr =1 mod vp41G.
A similar computation in S; yields Hy pr = (By, 41,...,B1,41) mod 7v,11G. But

oM
this time E := (B, Ay,...,B1) lies in v,G (since ¢(E) € Npp—1 = 7N and
—_—

2M—1
Kerp C74,G), so Hy py = (E, A1) =1 mod v,4+1G.

To finish the proof we just have to notice that the number of relators needed to
present G does not exceed pQﬂ +205p+15)+p+1<12p+ 32. O

6. Appendix

In this section we outline the proof of the assertions of Lemma 4.5. As we already
mentioned, the proof reduces to a certain computation in the group Q*(1,7). We
fix r and set @ = QY (1,7), S = SLI(F,[[t]]), On = 19, Sn = " S.
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Given g € Q, let deg (g) denote the degree of g with respect to the lower central
series of Q, and let d(g) be the degree of g with respect to the congruence filtration of
N Tt follows from the results of [6] that for every g € Q there exists e(g) € {£r,0}
such that d(g) = pdeg (g9) + e(g).

Let € = €1, : SLA(F,[[t]]) — Q be the map defined in Section 4, and let e~!
be the inverse map. Given g1,92 € Q, let hy = e 1(g1) and hy = £ %(g2). The
following formula is the key to proving the assertions of Lemma 4.5.

9192 = €(h1)e(ha) = e(h1he) mod Qay, (6.1)
(91,92) = (e(h1),e(h2)) = e((h1,h2)) mod Qur,
where M = min(d(g1) + deg (g2), d(g2) + deg (g1))-

The proofs of (6.1) and (6.2) are analogous to those of [6, Proposition 4.3] and 6,
Proposition 4.2], respectively.

We are forced to change notation of Section 4, since E;, F;, H; were used to denote
elements of different groups. We will keep using these symbols for the elements of
Q, and the corresponding elements of S = SLj(F,[[t]) will be denoted by E;, F;
and H;. In other words, E; = ¢(E;), F; = ¢(F}), H = e(H;).

The following congruences in S = SL3(F,[[t]]) can be verified directly:

1)(Ep, Ep) =1 2(F,, Fp) =1

3)(Hp, Hp) =1 YHFT = F,F2, mod Sopmin

5)Efm = E,E,7,, 6)Ef™ = EyHpym - Fryly, mod Sapgm
TEP =1 8)FP =1

This takes care of Lemma 4.5 for SL(F,[[t]]). In the case @ = Q!(1,r) each
congruence in the assertion of Lemma 4.5 easily follows from the corresponding
congruence in the above list and formulas (6.1) and (6.2). We illustrate this by
proving part 6) of Lemma 4.5.

First we compute the degrees of E,, F,, and H,. It is clear that deg (E’n) =
deg (F,) = deg (H,) = n, d(E,)) = pn —r, d(H,) = pn, d(F,) = pn + r. Applying
(6.2), we have

(En, Fin) = &
We also know that (E,,, Fi,
e((En, Fin)

Finally, (6.1) yields

(En, Frn)) mod Qnipmtr Qmtpn—r
-1
) = Huym - F, {5, mod Sapym, whence

) = e(Hpgm - Frioyn) mod Qangm.

— — 1
6(}In-i-'m Fn+27n) = Hn+an+2m mod Qp(n+m)+n+2m Qp(n+2m)+r+n+m

Combining these congruences and taking into account that m +pn —r > 2n+m
(since (p—2)n>p—2>(p—1)/2 > r), we have

(En; Fm) = Ern+m : FT;}Qm mOd Q2n+m Qnererr

which is exactly what we wanted.

Remark. The reader may have noticed that the approximation map &, , defined
in Section 4 does not coincide with the analogous map ¢, , from [6]. In [6] it was
more convenient to think of elements of the Nottingham group as automorphisms
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of F,,[[t]]. We adopted the usual convention that automorphisms act on the left; the
price we had to pay was that the natural map {power series} — {automorphisms}
given by f +— (t — f) became an anti-isomorphism instead of an isomorphism.

In this paper we consider elements of A/ as power series, and in order to keep
computations as simple as possible we use a different approximation map. It is easy
to see that all the properties of the old map ¢, asserted in [6] hold true for €,
and the proofs are absolutely analogous.
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