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ABSTRACT. Let IA,, denote the group of [A-automorphisms of a free group of rank n,
and let Z8 denote the Torelli subgroup of the mapping class group of an orientable surface
of genus n with b boundary components, b = 0,1. In 1935 Magnus proved that IA,, is
finitely generated for all n, and in 1983 Johnson proved that Z? is finitely generated for
n > 3.

It was recently shown that for each k& € N, the k" terms of the lower central series
veIA, and 1 Z% are finitely generated when n >> k; however, no information about finite
generating sets was known for £ > 1. The main goal of this paper is to construct an
explicit finite generating set for v2IA,, = [IA,,IA,] and almost explicit finite generating
sets for 4272 and the Johnson kernel, which contains 272 as a finite index subgroup.

1. INTRODUCTION

1.1. Discussion of the problem. Given non-negative integers n and b, let X2 be an
orientable surface of genus n with b boundary components, and let Mod? = Mod(X%)
be its mapping class group. The corresponding Torelli group Z? is the subgroup of Modi’l
consisting of elements acting trivially on Hy (X%, Z). In this paper we will only consider the
cases b =0,1. Given n € N, let F}, denote a free group on n generators, and let IA,, be the
subgroup of Aut(F;,) consisting of automorphisms acting trivially on the abelianization
F® = F,/[Fy, F,]. The group IA,, is often called the Torelli subgroup of Aut(F},,) and is
known to behave similarly to Z! in many ways.

In 1935, Magnus [Ma] proved that IA,, is finitely generated for all n > 2; in fact, he found
an explicit and simple-to-describe generating set of smallest possible cardinality n(g) In
1983, Johnson [Jo2] proved that Z? is finitely generated for n > 3; his generating set is
also explicit and also of optimal size for n = 3, but of considerably larger size in general
(growing exponentially in n). More recently, Putman [Pul] found a smaller generating set
whose size grows cubically with n, which is known to be asymptotically optimal.

It was a very interesting question whether the commutator subgroup [G, G] is finitely
generated for G = IA, or Z%. In both cases G has large abelianization (in fact, the
abelianization of TA,, is free of rank n(;), which is the minimal number of generators of
IA,,), so there was no a priori reason to expect [G, G| to be finitely generated. On the other
hand, G possesses a generating set in which many pairs of generators commute, which can
be seen as positive evidence for finite generation of [G,G]. An additional motivation for
the finite generation question in the mapping class group case is given by the fact that
[Zb,T!] is a finite index subgroup of the Johnson kernel K%, a group of major interest in
topology.

In [EH] it was proved that the commutator subgroups of the Torelli groups are indeed
finitely generated in sufficiently large rank: [IA,,IA,] for n > 4 and [Z%,Z%] for n > 12. In
1
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[CEP], [Z%,Z%] was shown to be finitely generated for all n > 4, and finite generation was
also extended to some higher terms of the lower central series, namely ~;IA,, for n > 4k—3
and v,Z% for n > 2k + 1 (see § for an additional discussion). However, neither [EH]
nor [CEP] dealt directly with the finite generation question, instead reducing the problem

to an analysis of BNS invariants.

Given a finitely generated group G, its character sphere S(G) is the set of nonzero
homomorphisms from G to (R,+) modulo the equivalence given by multiplication by
positive scalars. The BNS-invariant of G, introduced by Bieri, Neumann and Strebel in
[BNS] and denoted by ¥(G), is a subset of S(G) which determines which subgroups of G
containing [G, G] are finitely generated (see Theorem often called the BNS criterion).
In particular, [G, G| itself is finitely generated if and only if ¥(G) = S(G), and it is the
latter equality that was established in [EH] and [CEP] for G = IA, and Z% for n > 4.
Finite generation of higher terms of the lower central series was established in [CEP] by
an inductive application of the BNS criterion.

Since the proof of the BNS criterion is not effective, [EH] and |[CEP] did not yield an
actual construction of finite generating sets for [G, G| (or higher terms) for G = IA,, and
TP, The main goal of the present paper is to give an effective proof of finite generation for
[G,G] when n > 8. In § we will discuss the main obstacle to extending this method to
G for k > 2.

The proof of finite generation that we will provide does not make a formal reference to
the BNS invariant; however, it relies on the proof of the BNS criterion in a substantial way.
Essentially, we follow the proof of the BNS criterion given in [Str] (which is considerably
simpler than the original argument from [BNS]), replace all the non-effective steps with
explicit constructions and make some simplifications which are not possible in general.
In addition to providing explicit generating sets for [G, G|, the proof in this paper is
algorithmic in the following sense — given a sufficiently nice generating set S of G and an
element g € [G, G] expressed in terms of S, our proof yields a procedure for writing g in
terms of a finite generating set for [G, G| (which is explicitly derived from S). Our general
method for proving effective finite generation of [G, G| that will be developed in § 2] is
sufficiently flexible and could be applicable to other groups.

1.2. Main results. We proceed with stating our main result for IA,. Throughout the

paper, for a group G and elements x,y € G, we set 2¥ = y~loy and [x,y] = 2~y lay.

Theorem 1.1. Let n > 8. Let N = n(;), and let S = {s1,...,sn} be the standard
generating set for 1A, constructed by Magnus (see the beginning 0f§@. Then [1IA,,,TA,,]
1s generated by elements of the form

a; Gi41

[si,85]% i+ SN where 1 < i < <N and 0 < |ap| < 5-10'% for each m.

In particular, the minimal number of generators of [IA,,IA,] is at most n(g) . (1013)"(3),

Remark. (1) It is not hard to show that if G is any group generated by a finite set
{z1,..., 2k}, then [G,G] is generated by elements of the form [xi,:cj]“”ilmiﬂl"'wkk with
1 <i<j<kanday, € Z Thus, the real statement of Theorem is that in the
case G = [A,, it suffices to take only such elements where a,, are bounded by an explicit

constant independent of n.
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(2) In § 3 we will show that the number of generators of [IA,,,TA,,] is actually bounded
by a function of the form cn’ (see Theorem which is slightly better than a bound of
the form C"’ given by Theorem

(3) Our method of proof is in principle applicable to all n > 4, but would yield a
constant larger than 5 - 10'2 for n = 6,7 and a much larger constant for n = 4, 5.

We now turn to the mapping class groups. In this case we will describe generating sets
for two different subgroups of Z% — the commutator subgroup [Z%,Z%] and the Johnson
kernel K. One can define the Johnson kernel algebraically, as the second term of the
Johnson filtration of Z% (see § for the definition of the Johnson filtration in the case
b = 1; the definition in the case b = 0 is similar) or topologically, as the subgroup of Mod,b1
generated by Dehn twists about separating curves. It also follows from work of Johnson
that Z8 /K is the largest quotient of Z2 which is abelian and torsion-free. This, together
with finite generation of Z%, immediately implies that ¥ contains [Z%, 7] as a finite-index

n»—n
subgroup for n > 3.

For simplicity we state Theorems and below for b = 1. It is well known that
there is a natural surjective map Mod,, — Mod" which sends Z! to Z° and K}, to K2, so
any finite generating set of KC! yields the corresponding finite generating set for k2.

Theorem 1.2. Letn >4, let G=1} and K =K}. Let N = (2;) and M — (2;) N (21n) N
(QOTL). The following hold:

(1) G has a generating set SW 1SR 1 SG) with the following properties:
(i) |SM| = N and the elements si,...,sy of SU project to a basis of G/K
(which is free abelian of rank N )
(i) |S@| = M, the elements ty, ...ty of S@ lie in K, and S® projects to a
basis of K/|G,G|] (which is a vector space over Fo of dimension M)
(ili) S® is contained in [G,G] and |S®)| = 42(3) — |SW| — |S@)]
(2) There exists an absolute constant R such that K is generated by elements of the
form o
(a) [si,sj]silsiﬁl“' SN’ where 1 <i<j<N and |am| < R for allm
(b) 25152758 where z € S@ U S®) and lam| < R for all m
(3) |G, G] is generated by elements of the form

g Pit1 AN E1  4EM . .
(a) [s,8]% St SN T with 1 << j < N
ag Fit1 AN €1 4EM
(b) [si,t]% Sit1 58 o ith 1 <i < N and 1 <j <M

1 €1 tEM

(c) o1t s s with 2 € §G)
where in each part |ay,| < R, e, € {0,1} for all m and R is the same as in (2).

b 78] and K% only for n > 8.
Theorem is still valid for all n > 4 since [Z%,70] and K% are known to be finitely
generated for all n > 4 by [CEP] and we are not making any assertions about the constant
R above.

The problem of explicitly estimating R, at least for n > 8, reduces to a certain com-
putation in the Torelli group Ié. We did not compute a precise upper bound, but we
believe that this can be achieved by carefully examining the proofs of Johnson [Jo2] and
Stylianakis [Sty] (see the end of § for a detailed discussion).

Remark. We will construct explicit generating sets for [Z2,Z?
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1.3. Generating the Johnson kernel by finitely many Dehn twists. One drawback
of the generating sets from Theorem is that they do not seem to have any natural
geometric or topological interpretation. We will now address this issue in the case of the
Johnson kernel kL. Recall that K} is generated by the Dehn twists about separating
curves. Thus, one way to produce an explicit geometrically meaningful finite generating
set for IC! is to show that Kl is generated by the Dehn twists about separating curves of
explicitly bounded word length.

Let us now make our task more precise. Fix a point py on the boundary of ¥ = XL,
The fundamental group (X, po) is free of rank 2n and admits a basis a1, ..., an, Bn
such that []"" [, B;] is represented by 9%; below we will refer to such a basis as natural.
Fix a natural basis w of m1(3,pg). Given m € N, let SC(m) be the set of all elements of
71(2, po) which have word length at most m with respect to w and which are represented
by a separating curve on . Let Ts.(m) C Mod(X}) be the set of Dehn twists about
the elements of SC(m). As we will explain in § 4, any two natural bases of 7 (X, po)
lie in the same orbit under the action of Mod(X, pg) on 71 (X, po) (see the remark after
Theorem [4.1]). This easily implies that Ts.(m) is independent of w up to conjugation; in
particular, the smallest m for which Ts.(m) generates K. does not depend on the choice
of w.

We can now formulate our theorem describing an explicit finite generating set for L
consisting of Dehn twists:

Theorem 1.3. Assume that n > 4. There exists an absolute constant D such that K. is
generated by the set TSC(D"3) defined above.

Theorem will be obtained as a relatively easy consequence of Theorem and some
auxiliary results established in § 4. The constant D in Theorem can be expressed in
terms of the constant R from Theorem [[.2] and two other absolute constants which we
believe can be estimated explicitly for n > 8.

1.4. Some questions and remarks. As we already stated in § finite generation
results from [EH] were extended to higher terms of the lower central series in [CEP], where
it was shown that v;IA,, is finitely generated whenever n > 4k — 3 and v,Z¢ is finitely
generated whenever n > 2k 4+ 1. Thus it is natural to ask if the method of the current
paper can also provide explicit generating sets for higher terms. We did not succeed in
doing this.

The proof in [CEP] was ineffective for two reasons: similarly to [EH]|, it exploited
the BNS invariant. In addition, a combinatorial calculation from [EH|] was replaced by
an ineffective Zariski density argument in [CEP]. The latter is not a real obstacle to
constructing explicit generating sets, and one can show that algebraic geometry can be
eliminated from the proof in [CEP] at the expense of increasing the lower bound on n in
terms of k (for which we are claiming that ;G is finitely generated), with the new bound
being quadratic in k. What does cause a problem is the fact that for £ > 2, G = IA,, or
7Y, very little seems to be known about the torsion in 4G /yx+1G or the presentation of
kG /Vk+1G by generators and relations (as an abelian group).

We conclude this section with some speculations on the asymptotic growth of the num-
ber of generators of [IA,,,IA,] and K2 as n — co. Below, for a group I' we will denote by
d(T") the minimal number of generators of I'. The following inequalities are obvious:

d(I') > d(I'**) = d(H, (T, Z)) > dim H (", Q).
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It is known that dim H; (K2, Q) grows polynomially with n, and in fact a precise formula
for this dimension for n > 6 can be immediately extracted from Theorem 1.4 in a recent
paper of Morita, Sakasai and Suzuki [MSS] which, in turn, makes essential use of an earlier
work of Dimca, Hain and Papadima [DHP]. This provides at least some evidence that
d(leL) might grow polynomially as well. We are not aware of analogous results dealing
with [IA,,IA,].

Finally, it is natural to ask if the assertions of Theorem and Theorem (2) would
remain true if the condition |a,,| < C on the exponents is replaced by the much more
restrictive condition ) |an,| < C for some absolute constant C. Clearly, if this stronger
version of Theorem [1.1] (resp. Theorem [1.2{2)) holds, it would immediately imply poly-
nomial growth for d([IA,,1A,]) (respectively, d(K2)).

Acknowledgments. We are extremely grateful to Andrew Putman for explaining to
us the proof of the BNS criterion given in [Str]. We also thank Thomas Church, Thomas
Koberda and Andrew Putman for useful discussions related to the subject of this paper.
After this paper was completed, the authors learned that results similar to those in this
paper were independently obtained by Church and Putman (unpublished).

2. BNS INVARIANT AND EFFECTIVE FINITE GENERATION

We begin this section with some basic terminology. Let G be a group and S a subset

of G.

Cayley graphs. The Cayley graph of G with respect to S, denoted by Cay(G,S), is the
graph whose vertex set is G and where g, h € G are connected by an edge if and only if
h = gs*! for some s € S (we adopt the convention that Cay(G,S) does not have loops or
multiple edges). It is clear that Cay(G, S) is connected if and only if S generates G.

S-words. By an S-word, we will mean a formal expression s . ..s; with s; € S*1. Thus
each S-word naturally represents an element of G, and every element of G is represented
by some S-word if and only if S generates G. For each g € G, an S-word representing ¢
determines a path in Cay(G,S) from 1 to g (in fact, if S contains no elements of order
< 2, there is a bijection between such paths and S-words representing g).

Prefixes. If w = s;1...5s; is an S-word representing g € G, by a prefix of w we will mean
a subword of the form s;...s; with [ < k. Thus, geometrically, prefixes of w correspond
to initial segments of the corresponding path in Cay(G, S) from 1 to g.

Word length. If S generates G, for each g € G we denote by ||g||s the word length of g
with respect to S, that is, the smallest k € Z>( such that g is represented by an S-word
S1...8k. Geometrically, ||g||s is the distance from 1 to g in Cay(G, S).

2.1. Review of the BNS invariant and the proof of the BNS criterion. We start
by recalling the definition of the BNS invariant. By a character of a group G we will mean
a homomorphism from G to the additive group of R. Two characters x and x’ will be
considered equivalent if they are positive multiples of each other, and the equivalence class
of a character y will be denoted by [x]. The character sphere S(G) is the set of equivalence
classes of nonzero characters of G.

Assume now that G is generated by a finite set S. Given a character x of GG, denote by
Cay(G, S)y the full subgraph of Cay(G, S) with vertex set {g € G : x(g) > 0}. Note that
Cay(G, S)y is completely determined by the equivalence class of x. The BNS invariant of
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G, denoted by X(G), is defined by
2(G) ={[x] € S(G) : Cay(G, S), is connected}.

It is not hard to show that ¥(G) does not depend on the choice of S although this is not
obvious from definition.
The following remarkable result was proved by Bieri, Neumann and Strebel in [BNS|:

Theorem 2.1 (BNS criterion). Let K be a normal subgroup of G such that G/ K is abelian.
Then K is finitely generated if and only if ¥(G) contains [x] for every character x which
vanishes on K. In particular, [G,G] is finitely generated if and only if ¥(G) = S(G).

The original proof of Theorem [2.1| given in [BNS| was quite involved. A much simpler
and more transparent proof appears in an unpublished manuscript of Strebel [Stxr] who
attributes the argument to Bieri. While still ineffective, the proof in [Str] is almost entirely
algorithmic apart from one step, as we will explain later in this section.

Definition. Let S be a generating set of G, let x be a nonzero character of G and assume
that x(g) > 0 for some g € G. By a (x, S)-non-negative form of g we will mean an S-word
w which represents g such that y(v) > 0 for every prefix v of w.

It is clear that a given g € G with x(g) > 0 admits a (x, S)-non-negative form if and
only if there is a path in Cay(G, S), connecting 1 with g. Thus, [x] € £(G) if and only if
every g with x(g) > 0 admits a (x, S)-non-negative form.

We now proceed with a very brief outline of the proof of the backwards direction of
Theorem from [Str]. The following theorem (Theorem must be well known, al-
though we are not aware of a reference in the literature where it is stated exactly in this
form. We are grateful to Andrew Putman for pointing out the formulation below.

Theorem 2.2. Let G be a group generated by a finite set S, let K be a subgroup of G (not
necessary normal), and let § : G — G/K be the natural projection. Then K is finitely
generated if and only if there is a finite subset A of G/K such that 71(A) is connected
in Cay(G, S).

The backwards direction of Theorem is an immediate consequence of [Strl Theo-
rem A4.7]. The forward direction (which is not essential for our purposes) is a straight-
forward exercise.

Keeping all the notations from Theorem suppose now that G/K is abelian and
Y(G) 2 S(G/K). We wish to show that K is finitely generated. Since G is finitely
generated, after replacing K by a finite index overgroup (which does not affect finite
generation), we can assume that G/K is torsion-free. In addition, we want to impose an
extra condition on the generating set S given by below.

Lemma 2.3. Let G be a finitely generated group and let K be a normal subgroup of G
such that G/K is abelian and torsion-free. Let 0 : G — G/K be the natural projection,
and choose a basis E of G/K. Then G has a generating set S such that

(2.1) 0(S)=E or 0(5)=FEU{0}

Moreover, if So = {s1,...,sn} is any finite generating set of G, one can obtain a generating
set S satisfying (2.1) from Sy by a sequence of right Nielsen transformations, that is,
transformations of the form (g1,...,9i,---gn) — (g1, .. ,gigfl, ey Gn) for some i # j.
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Proof. The sequence (0(s1),...,60(sy)) generates G/K. By basic linear algebra, using
transformations of the form (vi,...,v;,...v,) = (v1,...,v £ vj,...,v,) for some i # j
we can reduce (6(s1),...,0(sn)) to a sequence of the form (ei,...,em,0,...,0) where
E = {ey,...,en}. Since each such linear transformations is induced by a right Nielsen
transformation, applying the corresponding sequence of right Nielsen transformations to
Sp, we obtain a generating set S with desired properties. O

From now on assume that S satisfies the conclusion of Lemmal[2.3] (with respect to some
fixed basis F). Choose an isomorphism G/K = Z™ such that E maps onto the standard
basis of Z™. Let || - || denote the corresponding /2-norm on G/K, and let B(R) denote the
I2-ball of radius R with respect to this norm (centered at 0). The goal now is to show that
6=1(B(R)) is connected. To do this, one chooses an arbitrary path p in Cay(G,S) whose
end vertices a and b lie in #~!(B(R)) and then applies a (finite) sequence of modifications
to p, so that the resulting path lies entirely in §~(B(R)).

At each step the modification is as follows. Choose a vertex g on the current path such
that ||6(g)|| is maximal. If [|#(g)| < R, there is nothing to do, so assume that ||6(g)| > R.
Let gy1 and gys be the vertices preceding and succeeding g on this path. Define the
character x of G by x(z) = —(0(g),0(z)), and choose t € ST! such that x(t) > 0 is largest
possible. It is easy to check that x(y;) > 0 for ¢ = 1,2. Since x vanishes on K and we
assume that X(G) 2 S(G/K), it follows easily that there exist paths p;, \ from ¢ to yat
and ¢, from yit to t such that x is positive on any vertex of those paths. Now we
replace the segment (gyi,g, gy2) of the current path by a new subpath passing through
9y1, gyit, gt, gyat, gy2 where one moves from gyt to gt using the path go ¢, , and from
gt to gyot using the path g o pyy, , (see Figure [1).

A key step of the proof is a compactness argument which shows that there is a finite
set of paths €2 such that p;, , and g, , can always be chosen from § (for any x). Now
let € be the minimum value of x(v) and let r be the maximum of ||§(v)|| where v ranges
over the vertices of paths from €. A direct computation shows that if R > é, then all the
vertices on the newly added segment have Euclidean norm strictly less than ||#(g)||. This
concludes the proof.

As the above outline suggests, in order to turn this proof into an actual algorithm (for
a specific group), one needs to have an explicit procedure for constructing the paths py y, y
and gy, . We will now discuss some additional conditions which make this possible.
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2.2. Explicitly finding non-negative forms. There is a well-known sufficient condition
for a character to lie in the BNS invariant:

Lemma 2.4. Suppose G is generated by S = {s1,...,s,}, and x is a character of G such
that

(i) x(s1) >0

(ii) for every i > 2 there exists j < i such that [sj,s;] =1 and x(sj) #0
Then [x] € 2(G)

Lemma was proved in [KMM, Lemma 1.9], although indirectly it appeared already
in [MeVW]; see also [EH, Lemma 2.4] for a generalization. Although the condition in
Lemma may appear very special, there are many important classes of groups G for
which every character in 3(G) does satisfy this condition for some S — for instance, this is
the case for right-angled Artin groups [MeVW], groups of pure symmetric automorphisms
of free groups [OK], pure braid groups [KMM], IA,, for n > 5 and I for n > 5, b = 0, 1
(see [CEPL [EH]).

If a generating set S and a character x satisfy the hypotheses of Lemma [2.4] it is not
difficult to describe an algorithm which computes an (.5, x)-non-negative form for a given
g € G wtih x(g) > 0. In fact, such an algorithm implicitly appears in the proof of [MeVW,
Theorem 4.1].

In this paper it will be more convenient to work with a slightly more restrictive condition,
which still holds for IA,, and Z? for sufficiently large n and leads to a very simple formula
for a (x, S)-non-negative form.

We will need some technical definitions.

Definition. Let S be a finite generating set for a group G and Z a subset of S.

(a) We will say that the pair (S, Z) is chain-centralizing if for every s € S and z € Z
there exists 2/ € Z which commutes with both s and z.

(b) If x is a character of G, we will say that x is regular for (S, Z) if x(z) # 0 for all
z€ .

Remark. If x is regular for a chain-centralizing pair (S,Z), it is easy to show that the
pair (x, S) satisfies the hypothesis of Lemma but we will not use this fact in the proofs.

The name chain-centralizing is motivated by the following property which is an obvious
consequence of the definition:

Observation 2.5. Suppose that (S, Z) is chain-centralizing. Then for any finite sequence
S1,...,8k € S there exists a sequence z1,...,z2, € Z such that

(i) z; commutes with s; for each 1 <i <k

(ii) z; commutes with z;—1 for each 2 <i <k

The following lemma shows that if x is regular for a chain-centralizing pair (.S, Z), it is
very easy to construct (x, S)-non-negative forms:

Lemma 2.6. Suppose that (S, Z) is chain-centralizing and x is reqular for (S,Z). Let
g € G with x(g) > 0, and write g = s ...s;, with s; € ST, Choose z1,.. .,z satisfying
conditions (i) and (ii) of Observation[2.5, and choose n; € Z such that

(a) nix(z) >0 foralll1 <i<k
(b) nix(z:) > — > x(s5) forall1 <i<k
j=1
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i—1
(c) nix(zi) > — '21 X(s5) for all2 <i <k
]:

(this is possible since x is regular). Then the S-word

_n ng . —nNi ng _—n2 Nk—1 —Ng
wX _Zl 8122 Zl 5223 Z2 53 . Zk: Zk: 1 Ska

is a (x, S)-non-negative form of g.

Proof. The word w,, represents g by conditions (i) and (ii) of Observation — we first
move z; ' past s1 and z5? and cancel it with 2], then we move z, "* past sy and z5® and
cancel it with z5? etc.

Let us now prove that x(v) > 0 for every S-prefix v of w,. Without loss of generality,
we can assume that x(z;) > 0 for all 4, in which case n; > 0 by (a). If v does not end
with z; ™ or s; for some ¢, we can produce another S-prefix v’ of w, with x(v") < x(v) by
either removing the last letter of v or adding the next letter of w, to the end of v. Thus,
it suffices to prove that x(v) > 0 when v ends with z; " or s;.

Case 1: v = 11_[] ner ;Ifilz] 7) for some 1 < i < k — 1. In this case x(v)
nix(21) + 51 (x(s5) + njpax(zie1) — nix(25)) = nipax(zic1) + 351 x(s5) = 0 by (c).

Case 2: v = 2" Hj.:l(s] j_ﬁlz]_n])siﬂ for some 0 < ¢ < k — 1 (the case i = 0
corresponds to the empty product). Then x(v) = n;r1x(2i41) + Z] 1x(s5) >0 by (b).

Case 3: v is the full word w,. In this case x(v) = x(g) > 0. O

2.3. Extra hypothesis. In this subsection we introduce the additional condition that
will allow us to turn the proof of the BNS criterion into an algorithm. As before, we will
assume that G, K, E,0 and S satisfy the hypotheses and conclusion of Lemma [2.3] n G/K
is torsion-free, 6 : G — G/K is the natural projection, F is a fixed basis of G/K and S is
a generating set of G such that 0(S) = E or E U {0}.

In order to make use of Lemma we need to know that every nonzero character is
regular with respect to some chain-centralizing pair. Note that a single chain-centralizing
pair would rarely work for all the characters (apart from rather trivial examples). Also
observe that if we have one chain-centralizing pair (S, Z), then for any ¢ € Aut(G), the
pair (¢(S),¢(Z)) is also chain-centralizing.

This motivates our new hypothesis. We would like to assume that there is a finite subset
® C Aut(G) with the following property: for every nonzero character x of G which vanishes
on K, there is some Z C S and ¢ € ® such that (S, Z) is chain-centralizing and  is regular
for (¢(5), p(Z)). In fact, we will need to assume a bit more (see the Regularity Hypothesis
below), but first we will introduce some additional notations involving automorphisms of

G.
Constants A and B. Let ¢ € Aut(G). Define

B(p, 5) = max{[[6(¢(s))]1 : s € S}

(where || - ||1 denotes the I'-norm with respect to E).

Now define A = A(yp, S) to be the smallest integer with the following property: for every
s € S, there is an S-word w,, s representing ¢(s) such that ||§(v)||1 < A for every S-prefix
v of wy, 5. Since wy 4 is its own S-prefix, we have the obvious inequality B(y, S) < A(y, ).
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If ® is a finite subset of Aut(G), we define
A(D,S) = max{A(¢,S): p € ®} and B(P,S)=max{B(p,S): ¢ c P}
When S is fixed or clear from the context, we will usually suppress it from the notation
and write A(p) for A(y, S) etc.
Constant M. For each character x define

M(x) = M(x,S) = max{[x(s)| : s € S}.

We are now ready to state our additional hypothesis. Let Aut(G, K) denote the subgroup
of Aut(G) consisting of automorphisms which leave K invariant.

Hypothesis 1 (Regularity Hypothesis). There exist a finite subset ® C Aut(G, K) and
a constant C' > 0 with the following property:
(***) For every nonzero character x € Hom(G/K,R) there exist a subset Z C S and

v € ® such that (S, Z) is chain-centralizing and |x(p(2))] > % forall z € Z.

Before proceeding, we establish a few simple inequalities involving the constants A, B
and M.

Observation 2.7. Let g € G. Then [|0(g)||1 is the smallest integer m for which there
exists h € G with |h||s =m and (h) = 0(g).

Proof. This immediately follows from the assumption that 6(S) = E or E'U {0}. O

Corollary 2.8. Let x be a character of G which vanishes on K. Then

IX(9) < 116(g)llx - M(x)
forallg € G.

Proof. Let m = ||6(g)|l1. By Observation there exist s1,...,5, € S*! such that
0(g) = 0(s1...sm). Since the character x vanishes on K, it factors through 6 and thus

Xl = Ix(s1---sm) < D Ix(s0)] < m-max{x(s)} < mM(x). O
i=1
Claim 2.9. Let ¢ € Aut(G, K), and let A = A(p~!) and B = B(y). Then for every
s € ST there there exists a p(S)-word 5 representing s such that ||0(w)|1 < AB for every

©(S)-prefix w of 5.

Proof. Fix s € S*!. By definition of the constant A there exists an S-word 1 ...z}, (with
z; € S*1) representing ¢~ !(s) such that HQ(Hézl xj)Hl <Aforall<i<k.
Let 5= p(x1)...p(x). Then 5 is a ((S)-word representing (¢ ~'(s)) = s. Thus, to

prove the claim it suffices to show that

l l
(2.2) 0] T e@ll, = lloCe(J ] 2|, < AB for all 1 <1 < k.
j=1 j=1
Fix such an index [. By Observation and the choice of the word x7 ...z, there exists
an S-word v = yj ...y, with m < A such that 9(H§‘:1 xj) = 6(v) and hence Hé‘:1 T =vz
with z € K.
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Then cp(Hé-zl zj) = o(v)p(z), and since K is g-invariant, we have 9(@(1_[;:1 zj)) =
0(p(v)). Note that

oG], = 06w ym))]l, < S 166w,
=1

Since m < A and ||0(¢(y:))||, < B by definition of B, we get that ||#(¢(v))||, < AB which
proves . O

2.4. The main result. In this subsection we will prove the main result of this section,
Theorem We start with a key proposition which shows that under the Regularity
Hypothesis, we can control the “size” of (x,S)-non-negative forms with respect to any
character x of G/K.

Proposition 2.10. Let G, K and S be as in Lemma[2.3, and assume that the Regularity
Hypothesis holds for some ® C Aut(G, K) and a constant C > 0. Let A = A(®U® 1)
and B = B(® U®~1). Let x be a nonzero character of G/K, let g € G with x(g) > 0,
and write g = s1 ... 8, with s; € STY. Then there exists a (x, S)-non-negative form w of g
such that for any prefix v of w we have

16(v)|1 < (2BC + 1)(AB + A + 1) + 2A.

Proof. The basic idea is very simple. Choose ¢ € ® such that (***) in the Regularity
Hypothesis holds for y, express g as a ¢(S)-word and then use Lemma to construct a
(x, ©(S))-non-negative form of g. This almost works — the issue is that when we rewrite
the obtained (x, ¢(5))-non-negative form as an S-word, prefixes of this S-word may have
negative x-values. However, we have a lower bound for those y-values: x(v) > —M A for
every such prefix v, where M = M(x).

To resolve this problem we choose ¢ € S*! with x(t) = M and apply the same argument

.
to the element t=4gt4 = t=4 [ s; t4. It is easy to see that if w is an S-word representing
i=1
t=4gt4 such that y(v) > —MA for every such prefix v of w, then t4wt= is a (y, S)-non-
negative from of g.
We now present the full argument. For convenience, we break the construction into
three steps.

Step 1: Choose t € St with x(¢) = M. Recall that s; ...s, is an S-word representing
g and hence p = t~4s;...5,t* is an S-word representing t~“¢t. Replacing each factor
s €{s1,..., S, tﬂ} in the word p by the corresponding s given by Claim we obtain
a ¢(9)-word p representing t~4gt4.

Let v be an arbitrary ¢(S)-prefix of p . We claim that

(1) [6(v)[1 < AB+A+r
2) Ix(w) < (AB+A+r)M

r+A
For convenience let us write t*AgtA = ][] si where s; = t~1 for i < 0 and s; = t for
i=1—A
r+A
i>r. Thus, p= [] &§;, and there exists some —A < j <r+ A and a ¢(S)-prefix w of
i=1—A
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8j+1 such that v = ([[,<; 8;)w. Then

6ol < 0T T30l + ll6Cw)ll = 11 6(si)lls + 16(w)]1-

1<j i<j

The first summand is bounded above by A+ (this upper bound may occur for j = r since
for larger j we start getting cancellations of §(¢) with #(¢t~1)). Also ||§(w)|1 < AB by
Claim 2.9 so we proved (1). Inequality (2) immediately follows from (1) and Corollary [2.8|

Step 2: Next we use Lemma [2.6| to construct a (x, ¢(5)) non-negative form of p, call it
g (the elements z; in Lemma ill be chosen from ¢(Z)). For each i we shall choose n;
to be smallest in absolute value satisfying the inequality in Lemma Since |x(z;)| > %
by the Regularity Hypothesis and |y (v)| < (AB+ A+r)M for every prefix v of p, we have
Ini| < C(AB+ A +7).

Now we need to establish the analogue of (1) for prefixes of g. Let v be a ¢(S5)-prefix
of g. It is clear from the construction that there is a ¢(.S)-prefix w of p such that 6(v) is
equal to §(w) or §(wz") with [m| < |n;| for some i or §(wz" 27 ) with |m| < [n;11] for
some ¢. In any case we have

10l < 10(w)l[x + [nil - [10(zi)ll1 + [riga] - [0Czi4) -

Since [|0(w)|1 < AB + A+ by (1), [|0(2;)|1 < B for all j by definition of B and
Inj| < C(AB + A +r) for all j as established above, we get

(3) [[0(v)]|1 < (AB4+A+71)+2BC(AB+ A+r)=(2BC+1)(AB+ A+7)

Step 3: Next we rewrite ¢ as an S-word, call it ¢. Let v be an S-prefix of ¢q. We claim
that

(4) 10(v)|h < (2BC+1)(AB+ A+r)+ A and

(5) x(v) = —MA.
Indeed, similarly to Step 1, we can write v = vjve where vy is a ¢(S)-prefix of ¢ and v
is an S-prefix of some z € ¢(S*). Now [|0(v1)|1 < (2BC + 1)(AB + A +r) by (3) and
|10(v2)]|l1 < A by definition of A, so (4) holds.

Since [|6(v2)|l1 < A, Corollary 2.8 yields |x(v2)| < M A, so in particular x(vs) > —MA.
Since g is a (x, ¢(5))-non-negative form, we must have x(v1) > 0, so x(v) = x(v1)+x(v2) >
—MA. Thus we proved (5).

Recall now that ¢ represents t~4¢gt4 in G and hence t*qt=4 represents g. We claim
that t4qt=4 is the desired (¥, S )-non-negative form. Take any S-prefix w of tAqt—4. We
need to show that

(6) [16(w)|1 < (2BC+1)(AB+ A+1r)+2A
(7) x(w) = 0.
Clearly, there are 3 cases:

Case 1: w =t" for some 0 < m < A. In this case both (6) and (7) are obvious.

Case 2: w = t4v for some prefix v of ¢. In this case ||§(w)||; < (2BC+1)(AB+A+7r)+A
by (4), so (6) holds, and (7) follows from (5) and the fact that X(tA) = M A (by the choice
of t).

Case 3: w = t4qt™™ for some 0 < m < A. In this case (6) again follows from (4).
Finally, y(t4qt=4) > 0 since t4qt=4 represents g and hence y(w) = x(tAqt~4t4~™) >
(A—m)x(t) > 0. O
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We can now construct an explicit finite subset of G/K whose preimage in Cay(G, S) is
connected. We will show that the [°°-ball of a certain radius has this property:

Theorem 2.11. We keep all the hypotheses and notations from Proposition[2.10 and let
R = 16(BC + 1)%2(AB + 3A + 1). Let Bo(R) be the 1°°-ball of radius R in G/K. Then
071 (Bso(R)) is connected in Cay(G, S).

To simplify terminology, in the proof of Theorem [2.11| we will occasionally talk about
the [?>-norm or [*°-norm for an element g € G, by which we mean the corresponding norm

of 6(g).

Proof. Recall that E is a fixed a basis of G/K such that 8(S) = E or EU{0}. As before,
we choose an isomorphism G/K — Z"™ which maps F to the standard basis of Z™.

We will generally follow the outline of the proof of Theorem given earlier in this
section. Here is the summary of the new ingredients that we will use:

(i) the compactness argument will be replaced by a reference to Proposition [2.10]
which enables us to get an explicit formula for R
(ii) in the proof we will use not just I>-norm, but also /°°-norm and /!-norm (where all
the norms are taken with respect to the chosen identification of G/K with Z™)
(iii) when modifying the path at each step we will make slightly more complicated
“detours”

Note that modification (i) is essential, while (ii) and (iii) will only be used to obtain a
better estimate.

So take any a,b € G with ||0(a)||so, |0(b)]|cc < R. Our goal is to show that there is a
path from a to b in Cay(G, S) whose projection lies in B (R). We start by choosing some
path p from a to b in Cay(G, S) and then apply a sequence of modifications, eventually
pushing it inside 671 (B (R)).

If O(p) lies inside Boo(R), we are done, so assume that 0(p) has at least one vertex
outside Boo(R). Among all the vertices of p outside B (R) we choose one with the largest
I2-norm, call it g (yes, I?, not [°°). Our goal is to replace p by another path p’ from a to
b which does not have any vertices with /2-norm larger than ||g||2 and has fewer vertices
with [?-norm equal to ||g||2 than p. Clearly, after applying such a modification finitely
many times, we will obtain a path inside §71(Bu(R)), as desired. Note that the maximal
[*°-norm may increase during some initial steps — this is not a problem.

Define the character x of G/K by x(z) = —(0(g9),0(x)). Let gy; and gy2, where
y1,y2 € SUS™L be the vertices preceding and succeeding ¢ in the path p, respectively.
We claim that [|0(gy:)||2 < ||6(g)||2 for i =1, 2.

To prove the claim recall that by assumption ¢ has the largest [?>-norm among the
vertices of p which lie outside of §71(Buo(R)). Thus, if (gy;) € Boo(R), it is automatic
that [|6(gy:)|l2 < [|0(g)ll2- On the other hand, if 6(gy;) € Boo(R), we have [|6(gy;)|loc <
R < |0(9)||sc- But by assumption §(y;) € {£e;} U {0}. Hence 6(g) and 6(gy;) differ in at
most one coordinate, so ||6(gyi)|lco < ||0(9)|/co forces [|0(gyi)||2 < ||0(g)||2 as well.

Thus, we proved that ||0(gyi)||]2 < ||6(g)]|]2 for i = 1,2. Since

10Cgya)I[3 = 110(9)I13 + 10213 + 2(8(9), 0(y:)) = 10(a)II3 + [10(ya)l[3 — 2x(va),

it follows that x(y;) > 0 for i =1, 2.
Let 0(g); denote the i*" coordinate of 6(g), and choose i such that 6(g); is maximal
in absolute value. Since by assumption 6(g) ¢ Boo(R), we have |0(g);| > R. Choose
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g
y1 Y2
gy gy2
T\t t] s
\\ gt—T‘ //
,”(>{}<‘\\\
gyit™" gyot™"
FIGURE 2.

t € S*! with 6(t) = +e; where the sign is chosen to be the same as the sign of 6(g);. Then
(0(g),0(t)) = 16(9)il > R.

We proceed with the construction of p’ (see Figure [2] for an illustration). The path
p’ will coincide with p prior to gy; and after gys, but we will connect gy; and gys by
a new subpath which passes through the vertices gy:1t™",gt™" and gy»t~", in this order,
where r satisfying 1 < r < R will be chosen later. We connect gy; with gyt~ in the
natural way (multiplying 7 times by ¢t~!) and similarly gyst~" with gys. To connect gt~"
with gyot™", we write gyst™" = (gt~ ")(t"y2t™") and then replace the suffix t"yot™" by
its (i, S)-nonnegative form constructed in Proposition (the latter is applicable since
X(t"y2t™") = x(y2) > 0). Similarly we connect gy;t~" with gt~".

We now need to show that if v is any vertex on this new subpath different from the end
vertices gy; and gy, then [|6(v)||2 < ||6(g)||2. Recall that 6(t) = +e;, so all the vertices
on the segment between gy; to gy;t~" differ only in the i coordinate. Moreover, by
assumption 0(gy1); > 60(g); — 1 > R and 60(t); and 0(gy1); have the same sign. Thus, if we
require that r» < R, then |0(gy1t™);| = |0(gy1)s| — j for 0 < j < r, so the I>-norm strictly
goes down as we move from gy to gyit~". Similarly, the {>-norm strictly goes down when
we move from gys to gyot™".

Let us now consider the vertices of p’ between gt~" and gyot~" (the vertices between
gy1t~" and gt™" are treated similarly). Any such vertex is of the form gt~"v where v is a
prefix of the (x, S)-non-negative form of t"y2t™" chosen above. Since |[t"y2t™"||1 < 2r + 1,
by construction we get

10(v)[l1 < (2BC +1)(AB + A+ 2r +1) + 24 < (2BC + 1)(AB + 3A + 2r + 1)

and x(v) > 0, so (0(g),0(v)) = —x(v) <0. Also recall that (0(g),8(t)) > R. Therefore we
have
10t v)II3 = 10(9) 113 + 10(t™"0) 13 + 2(8(9), (7)) + 2(8(9), 0(v))
< [16(9) 13 + 10t~ )IIF — 2r(8(g), (1)) + 2(8(g), O(v))
< [160(9) 113 + (I6() [l +r)* = 2rR
< 6(9)|13 + (2BC +1)(AB + 3A +2r + 1) +1)> — 2rR.
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Recall that R = 16(BC + 1)?(AB + 3A +1). If we set r = LAB%?)A‘HJ (which satisfies
the condition r < R imposed earlier in the proof), a direct computation shows that
(2BC +1)(AB +3A +2r +1) +r)? — 2rR < 0, which completes the proof. O

2.5. An explicit generating set for K. To finish the constructive proof of finite gen-
eration given in this section, we need to establish an effective version of Theorem

For a technical reason, in the following two results it will be convenient to work with
left Cayley graphs (note that earlier in this section we worked with the commonly used
right Cayley graphs). The left Cayley graph of a group G' with respect to S, denoted by
Cayieft(G, S), is defined in the same way as Cay(G, S) except that edges have the form
(9,sT1g) with s € S. Note that Cayes(G,S) and Cay(G,S) are isomorphic as graphs
via the inversion map g — g '.

Theorem below is a variation of the Reidemeister-Schreier rewriting process. This
result is undoubtedly well known, but we are not aware of a specific reference in the
literature, so we will provide a proof.

Recall that if K is a subgroup of a group G, a left transversal of K in G is a subset T’
of G which contains exactly one element from each left coset of K.

Theorem 2.12. Let G be a group generated by a set S, let K be a (not necessary normal)
subgroup of G, and let 0 : G — G/K be the natural projection. Let F C G/K be such
that 0=1(F) is connected in Cayest(G,S). Let T be a left transversal for K in G, let
Tr =TNOL(F) (note that |Tx| = |F|) and let

U=A{(s,t):t€Tr,s€S, 0(st) € F}.
Then K is generated by the set
Sk = {st 'st:(s,t) €U}

where for every g € G by g € T we denote the unique element of T such that 0(g) = 0(7).
In particular, if F and S are finite, then K can be generated by (at most) |F||S| elements.

Remark. If we take F = G/K, then 0~Y(F) = G is automatically connected. In this case
Sk 1s the usual Reidemeister-Schreier generating set for K.

Proof. Let K' be the subgroup generated by Sk. Clearly Sy C K (since each g € G can
be written as gk for some k € K), so K’ C K. Let us now prove that K C K.

Take any k € K. Since K = 671(1) C 6~ 1(F) and 6~ !(F) is connected in Cayeft(G, S),
we can find a path 1 = yo,91,...,ym = k in Cayep(G, S) with 6(y;) € F for each i. Since
T is a transversal for K, for each 0 < ¢ < m we can uniquely write y; = t;k; where t; € T
and k; € K. Note that kg = 1 and k,,, = k. Thus, to prove that k € K’ it suffices to show
that ki+1k;1 € K' for each 0 <3 < m.

Let us fix 0 < ¢ < m. By assumption y; and y;11 are connected by an edge in
Cayieft(G, S), so there exists s € S such that y;41 = sy; or y; = sy;q1.

First consider the case y;11 = sy;. We have 6(t;) = 0(t;k;) = 0(y;) € F, so t; € Tr and
O(st;) = O(stiki) = 0(sy;) = 0(yiy1) € F, whence (s,t;) € U.

Also ti+1ki+1 = Yi+1 = SY; = Stiki and hence ti+1 = ti+1k‘i+1 = St,;ki = Sitz Finally, the
equality t;11k;1 = st;k; implies that k; 1k, = ti jlsti = ?u_lsti € Sk, as desired.

In the case y; = sy;4+1 we can repeat the above argument swapping ¢ and ¢ + 1 in every

expression and observe in the end that kik‘;ll € K' forces ki1k; L= (k:ikijrll)_l eK'. O
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In the special case when G/K is abelian torsion-free, S satisfies the conclusion of
Lemma and F satisfies a certain technical condition (see the definition of a Schreier
set below), one can obtain an even more explicit finite generating set for K (by slightly
modifying the set Sk from Theorem . We will recall the hypotheses of Lemma
below since we need to introduce some additional notations anyway.

So let us assume that G/K is abelian torsion-free. Let § : G — G/K be the natural
projection. Choose an ordered basis E = {e1,...,e,} of G/K, and use it to identify G/K
with Z". Let S be a finite generating set of G' such that 6(S) = E or 6(S) = E U {0}.
Note that 0 restricted to S need not be injective.

Choose s1,...,8, € S with 0(s;) = e;, and let S1 = {s1,...,s,}. Let Sy be the elements
of S\ S which lie outside of K, and let S3 be the elements of S\ S which lie in K. Thus
S =51 U821 S;. For each s € S let d(s) be the unique integer such that 6(s) = eys)-

Definition. In the above notations, a subset F of G/K will be called Schreier if the
following hold:
(i) (0,...,0) e F
(ii) for every (aj...,a,) € F and any path p on Cay(G/K,E) from (0,...,0) to
(a1 ...,an) of minimal length, all vertices of p lie in F.
Equivalently, 7 C G/K is Schreier if for every (a; ...,a,) € F, any element (by,...,b,) €
G/K such that |b;| < |a;| and a;b; > 0 for all ¢ also lies in F.

Remark. [t is clear that for any p € [1, 00|, the IP-ball centered at 0 is a Schreier set.

Recall that for group elements x,y we set [z,y] = 27y lzy and 2¥ = y~lay.

Theorem 2.13. Assume that G, K and S satisfy the above conditions. Let F C G/K

be a Schreier subset of G/K such that 0~1(F) is connected. Then K is generated by the

following three types of elements:
a; Ai41

(a) [si,s;)% Sen - "

where 1 <i<j<nand (0,...,0,a;,Q4i41,...,an) € F
——
I

_1 sal saz san 1 mes

(b) (57 84(5))°t %2 where s € S2 and (a1,...,a,) € F

(c) 511 82% 50" where s € Sy and (a1,...,an) € F

Proof. Clearly all elements in (a)-(c) above liein K. Let T = {s{' ... s : a; € Z for all i}.

n
By construction T is a transversal for K in GG, and let Sk be the corresponding set from

Theorem We need to show that every element of Sk can be expressed in terms of
elements of type (a)-(c). Let us denote the subgroup generated by those elements by K.
n

So take any s € S, t € T with 6(¢t) € F. Thus t = [] s?j for some (ai,...,a,) € F.
j=1

We are also allowed to assume that 6(st) € F, but this extra condition will not be needed

for the argument. We will consider 3 cases depending on which of the subsets 57,52 and

Ss the generator s lies in.

J
Case 1: s € S1, s0 s = s; for some 1 < j < n. Let us write ¢ = uv where u = II S?Z
i=1
Toa — = a; 4+l 1% a
_ i _ i J i . .
and v =[] s Thenst= [] s -s; [[ s =usjv,so
i=j+1 i=1 i=j+1
— 1 -1 —
o 1.-1 -1

st =v""s;u sjuv = [s5,u]” = ([u,s5]")

-1
i .
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Using the formulas [zy, 2] = [z, 2]¥[y, 2] and [z, y] = ([z,y]" ) ~! and the fact that F is
Schreier, it is straightforward to express [u, s;]” in terms of elements of type (a). Let us

n
illustrate this in the case j = 3, u = s?s, " (so that v = [ s* for some a;). We have

(2.3)
[u, 55" = [s1sy

=3

—1 _ —1 —1 -1,
bosa]” = [s7,s3]%2 V[sy ", sa]” = [s1,83]"1%2 U[s1, 83]%2 V([s2, 58] V)7
By assumption, (2,—1,as,...,a,) € F. Since F is Schreier, (1,—1,as,...,a,) € F and
(0,—1,as,...,a,) € F as well. Thus, all the factors in the last expression in (2.3)) are
generators of type (a), as desired.

J
Case 2: s € Sy. Let j = d(s). As in Case 1 we write t = uv where u = [] s and
i=1
n
v= [[ s, so st =usjv. Hence St st = (us;jv)tsuv and therefore
i=j+1

(2.4) (E_lst)_l(@_lsjt) = (suv)_lusjv(usjv)_lsjuv = (8_13]-)”” = (s_lsd(s))t.

The last expression in (2.4)) is an element of type (b). Since @_lsjt lies in K’ by Case 1,
it follows from (2.4) that st 'st € K’ as well.

Case 3: s € S3. In this case s € K, so st = t and hence St st = st, which is an element
of type (c). O

3. EFFECTIVE FINITE GENERATION OF [IA,,IA,]

In this section we will prove Theorem Throughout this section we fix an integer
n > 2 and let [n] ={1,2,...,n}.

Magnus [Ma] proved that IA,, is generated by the elements K;; with i # j € [n] and
Kiji with 4,7,k € [n], i, j, k distinct defined by

Koo ZT; — $j_1.7}i.7}j o T; > xi[a:j, l‘k]
K xp >z for k#4 Y x> a2y for 1 #1

Clearly K;; = K;]i, so IA,, is generated by the set S = {K;;} U{K;j, : j < k}. Below
we will refer to S as the Magnus generating set for IA,,. An easy computation shows that
5] = n(3)

The following commutation relations between the Magnus generators of IA,, are straight-
forward to check:

Lemma 3.1. The following hold:
In particular, two Magnus generators commute if their sets of indices are disjoint.

Since IA,, is normal in Aut(F;,) and Aut(F,)/IA, = GL,(Z), the abelianization TA?P =
A, /[IA,, I A,] has the natural structure of a GL,(Z)-module. As a GL,(Z)-module, TA%
is canonically isomorphic to V*®(V AV) where V = Z", considered as a standard GL,,(Z)-
module, and V* = Hom(V, Z) is the dual module. This isomorphism was first established
by Formanek [Fo], but there are several alternative proofs in the literature (e.g. see [DP]).
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Let eq,...,e, be the standard basis of V, and let e],..., e} be the dual basis. Given
z € IA,,, let [z] denote the image of = in IA?P. The above isomorphism IA% = V*&(VAV)
is given by

(3.1) [Kijl = ef @ (e; Aej) and  [Kiji] — e @ (e Aeg).
From now on we will identify IA®® with V* ® (V A V) via the map (3.1)).

Let N = n(;) = @ By the above discussion, IAflb =~ 7N as abelian groups, and
moreover the natural projection IA, — TA2" is injective on S = {K;;} U {K1. : j < k}
and maps S to E = {e] ® (ej Aeg) : j < k}, which is a basis of IA2P In particular, S
satisfies the conclusion of Lemma for G = 1A, and K = [TA,,IA,].

Now let

Z = {Ki2, K34, K56, K73} .

By Lemma [3.1] elements of Z commute with each other, and it is easy to check that
every element of S commutes with an element of Z. These two properties immediately
imply that the pair (S,Z) is chain-centralizing. We now need to construct ® satisfying
the Regularity Hypothesis, but first we make some general observations.

Action on the space of characters. For any group G we have a natural action of
Aut(G) on the space of characters Hom(G, R) given by

(ox)(z) = X(gp_l(x)) for any x € G and ¢ € Aut(G)

Clearly, Inn(G) acts trivially, so we get an action of Out(G) = Aut(G)/Inn(G).

Next note the centralizer of IA,, in Aut(F),) is trivial (since already the centralizer of
Inn(F,) in Aut(F},) is trivial) and hence the conjugation action of Aut(F),) on IA,, yields
an embedding of Aut(F),) into Aut(IA,) (in fact, this embedding is an isomorphism for
n > 3, but this is not essential for our purposes).

This, in turn, induces an embedding of Aut(F},)/IA, = GL,(Z) into Out(IA,) and
thereby an action of GL,(Z) on Hom(IA,,R). It is easy to check that this is a “standard”
action, dual to the action of GL,(Z) on IA®" discussed above, but it is important for us
that it comes from an action of Aut(F,,) on IA,,.

Unwinding the definitions, we see that to verify the Regularity Hypothesis for (G, K) =
(IA,, [IA,,IA,]) it suffices to prove the following lemma:

Lemma 3.2. For any nonzero character x of G = IA,, there exists g € GL,(Z) with the
following properties:

(a) |gx(2)] > % forall z€ Z
(b) g admits a lift ¢ € Aut(F,) with B(p™!) < 150 and A(p*!) < 8100

Remark. Property (b) is needed to obtain an explicit estimate in Theorem

The proof of Lemma [3.2 will consist of two parts. First we will construct g satisfying
(a). This will be done in several steps, and g will be constructed as a product of unit
transvections and permutation matrices. Then we will prove (b) using the specific form
of g constructed in the proof of (a).

In the computations below it will be convenient to use the following notation: for a
character A of G and 1, j,k € [n] we set

cije(A) = A(ej @ (e Aeg))
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Note that we can reformulate condition (i) of Lemma in terms of the coefficients c;;,
as follows:

(3'2) |Ciij(gX)’ > % for (%]) € {(1’2)a (374)7 (576)’ (7a 8)}

Given 4, j € [n] with ¢ # j and a permutation o of [n], define E;;, F,, € GL,(Z) by

Ll egmete .
(33) Ezg : { ey, — e, for k 7&] s Fyiep— €o (k) for all k.

Proof of Lemma part (a). In each step below M will denote a positive real number
and A will denote an arbitrary character of G (which will vary from step to step).

Step 1: If M(A) > M, there is a permutation matrix g; such that |ci112(g1A)] > M or
ci32(q1A)| = M.

By definition of M () we have |c;;j(A)| > M or |cjjr(X)| > M for some distinct 1, j, k.
The result now follows from the obvious fact that c;jx(Fy\) = co-1(i)5-1(j)0—1 (k) (A)-

In the next step we give different arguments depending on which case occurred in Step 1.

Step 2A: If |e132(\)| > M and |c112(N)| < M, there exists go = Ex2 such that |c112(g)\)| >
M and |e332(g\)| > M.

We have
c112(E37A) = e112(A) F 2c132(N) ca32(E37°A) = c332()) & 2c132())
By assumption |c112(\) F2¢132(A)| > M for any choice of sign and |e332(\) £2¢132(A)] >
M for some choice of sign, so either E3, or E3 can be used as go.
Step 2B: If |c112(A)| > M, there exists g € GL,(Z) which is either the identity matrix
or EfsE5, with € = £1 such that |c112(g2A)| > M and |c332(g2M)| > %

If |cs32(A)| > 2, then go = 1 obviously works, so assume that [es32(A)| < 4. For

€ = +1 by direct computation we have
Cllg(Enggl/\) = 20112(/\) — 6332(/\) + E(Cglg(k) — 26132()\))
c332(E13E5A) = 2¢332(A) — c112(A) — e(ez12(A) — 2¢132(N))

Since |0332()\)‘ < % and ‘0112()\)’ > M, we have ‘20112()\) — 0332()\” > % and |2C332()\) —
cri2(AN)| > %; moreover, 2c112(A) — c332(A) and 2¢332(A) — c112(A) have different signs.
Therefore, choosing € = £1 such that 2¢112(A) —c332(A) and £(c312(A) —2¢132(A)) have the
same sign, we obtain the desired g

Step 3: If |e112(A)| > M and |csz2(N)| > %, there exists g3 = E2i41 such that |c112(g3A)| >
M and |eg34(gs\)| > Y

This is clear since cng(E;ff/\) = c112(A) and 0334(E§f11)\) = c334(A) F c332(N).

Step 4: |c112(A)] > M and |ez34(N)| > %, there exists g4 equal to either Ej' or
B3 B Eg, for e = 1 such that |c112(g4))| > M and |cii5(gaN)| > X for (i,5) = (3,4)
and (5,6).

To do this we apply Steps 2 and 3 with indices 3 and 4 replaced by 5 and 6. Since we
will be acting by matrices E;; with 4,5 ¢ {3,4}, the value of ¢334 will not change.
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Step 5: If |e112(A)| > M and |eii5(N)| > % for (i,7) = (3,4) and (5,6), there exists g5
equal to either EX! or EX'Ef F2, for ¢ = +1 such that |ci12(gs\)| > M and |ciij(g5)\)| >
A for (i,5) = (3,4), (5,6) and (7,8).

The argument here is identical to Step 4.

Putting all the steps together, we obtain the desired g € GL,(Z) given by the product
9594939291 (recall that g; is the matrix we acted by in Step i). O

Since ¢ in the proof of Lemma [3.2]is explicitly constructed as a product, we can obtain
a lift of g by simply lifting each factor. The natural lift of a transposition matrix Fj; is

ﬁj € Aut(F,) which swaps z; and x; and fixes other generators. A transvection matrix
E;; can be lifted to either left or right Nielsen map Rj; or Lj; defined by

R,.:{ Tj T . { vjer i

7 x> xp for k£ 35 7 J? x> ay for 1 #£14

Note that we can use different lifts for different occurrences of Ej;; but this does not seem
to matter for the resulting bound.

It is clear that A(F;;) = B(Fjj) = 1, and an explicit computation in [DP] (see Table 1 in
[IDP, Appendix A]) shows that A(Rfjl) = A(injl) =6 and B(R;;l) = L(Rfjl) = 4. Note
that ¢ in the proof of Lemma [3.2]is a product of at most 2 transpositions and at most 9
unit transvections. Combining these facts with the easy observation that

(3.4) A(pp) < A(p)A(Y) and B(py) < B(p)B(Y)
for any o, € Aut(F},), we already deduce that g has a lift ¢ with A(e*!) < 67 and
B(pTh) < 49

To improve those bounds, we will prove the following general lemma:

Lemma 3.3. Let G, K and S be as in Lemma[2.3. The following hold:
(a) For any ¢, € Aut(G) we have A(pp) < A(Y)B(p) + A(p)
(b) Suppose that ¢1,...,0r € Aut(G) with A(p) < A for each i. For 1 < m < k
define ¢y, = Hi:ﬁl i (by convention vy =1). Then

k
A1 or) A B(thm)
m=1

Proof. (b) follows from (a) by straightforward induction, so we will only prove (a). Fix
s € S*l. By definition of A()) and Observation there exists an S-word si...s,
representing (s) such that for all 1 < j < r, one can write 6(s;...s;) as a product
of at most A(3)) elements 6(s), s € S*!. Next for each s € S*! choose an S-word w;
representing (s) such that ||6(u)||1 < A(p) for every S-prefix u of ws.

Consider the S-word w = wg, ... ws,. Then w represents ¢i(s), and any S-prefix of
w is equal to wg, ... ws; ,u for some 1 < j < r and S-prefix u of ws,. By assumption,
O(ws, ... ws;_,) is the product of at most A(1)) elements 0(ws), s € SEL Since [|6(w;)]| <
B(p) by definition of B(y) and ||0(u)|1 < A(p), we have

10(ws, - ws; s w)lly < [|0(ws, - ws; s [l + [10(w)][1 < A(W)B(p) + A(p).
Thus, A(py) < A(Y)B(p) + A(p), as desired. O

We can now finish the proof of Lemma [3.2
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Proof of Lemma([3.4, part (b). First note that for ¢ € Aut(F,), the constant B(yp) de-
pends only on the image of ¢ in GL,,(Z), so we can talk about B(g) for g € GL,,(Z).

We will consider the case when g constructed in the proof of part (a) is equal to
EogE17E7 EogE15 51 Foy E13F31. It is not hard to check that this g represents the worst-
case scenario. It is also easy to see that B(g) > B(h) for any prefix h of g and the same
is true for g~

To estimate B(g~!) we first compute the action of g on the basis elements of V and V*.

We have

ger = 8e1 +4er + 2e5 +e3 gea = eo gel =et —el —ef—eb  geh=ej—ef —ef — e}
ges =4ey +2e7+es+e3  ges=es+ey ges=2es—e]tester gej=e;

ges = 2e1 +er +e5 geg = eg + €2 ger =2er —e] +e5 ges = eb

ger =e1t+ ey ges = eg + ez ger =2e; —e] e ges = eg

Now it is easy to see that ||g(ef @ (ej Aeg))|l1 takes on its maximal value when ¢ =3, j =1
and k£ = 4,6 or 8, and the maximum is equal to 5- 15 -2 = 150.

It follows that B(g~!) < 150 and similarly B(g) < 150. From Lemma and the above
discussion we get that A(g*!) < 6-9-150 = 8100, as desired. O

We are finally ready to prove Theorem In fact, we will prove a slightly stronger
statement:

Theorem 3.4. Let n > 8. Let N = n(g), and let S = {s1,...,sn} be the Magnus
generating set for IA,. Then [IA,,IA,] is generated by elements of the form
a; 41

[84,55]% fi+1 SN where 1 < i < §< N and 0 < |ap| < 5-10'2 for each m. (% * %)

In fact, 1A, is generated by elements of this form with the additional property that
{m : ay, # 0} < 8n?.

Proof. We start by proving that IA,, is generated by all elements of the form (***), which
is precisely the assertion of Theorem

First we compute the radius R in Theorem [2.11]applied to G = IA,, and K = [IA,,,IA,].
Lemma shows that for a suitable ® we have B < 150, A < 8100 and can take C' = 3.
Hence the preimage of the [*°-ball of radius

R=16(BC +1)*(AB +3A+1) <16 -4512- (8100 - 153 + 1) < 5-10'2

is connected. Now Theorem follows directly from Theoremm (note that for G = IA,,
we have S = S7 in the notations from that theorem).

Let us now prove the full statement of Theorem As before, we identify TA% with
ZN via the map

N
Hsf-” [TA,, 1A, ] — (a1,...,aN).
i=1

For a point (ag,...,ay) € Z" define its support as

supp ((a1,...,an)) = [{m : ay, # 0}].

Let F be the set of all (a1, ..., ay) € ZY with |a;| < R for each i and |supp ((a1, . ..,an))| <
8n2. Clearly, F is a Schreier set. Thus, Theorem reduces Theorem to showing
that §~1(F) is connected (where 0 : IA,, — Z" is the natural projection).
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So take any z,y € IA, with 0(x),0(y) € F. We already know that x and y can be
connected by a path p which lies in the §-preimage of the (*°-ball of radius R. If 6(g) € F
for every vertex g of p, we are done; otherwise, consider all vertices g on p such that
|supp (6(g))| is largest possible, and among these vertices (if there is more than one),
choose one where [|6(g)||; is maximal. In particular, by assumption |supp (6(g))| > 8n?
and thus 6(g) # 6(x),0(y).

The vertices of p which precede and succeed g have the form gy; and gy» for some
y1,y2 € ST Write 0(g) = (a1, ...,an). Since |supp (0(g))| > 8n?, there exist more than
8n? indices m such that a,, # 0, and an easy calculation using Lemma shows that
there exists 1 < m < N such that a,, # 0, s, # yfcl, yéﬂ and s,, commutes with both y;
and ys. Without loss of generality, we can assume that a,, > 0. Now modify p replacing
the segment (gy1, g, gy2) of p by

(991, 9Y150m" = 95 Y1, 95+ 9Sm' Y2 = Y25 9Y2)-
Another easy calculation shows that for every vertex v on this segment we have |supp (6(v))|
|supp (0(g))| and [|8(v)||1 < ||6(g)||1. Thus, after applying such modification finitely many
times, we will obtain a path connecting z to y which lies in #~!(F), as desired. O

4. EFFECTIVE FINITE GENERATION OF [Z!,Z!] AND THE JOHNSON KERNEL

n»—n

4.1. Preliminaries. Throughout this section we fix an integer n > 0 and let ¥ = X! be
an orientable surface of genus n with 1 boundary component. We start by introducing
some curves and subsurfaces on ¥ that will be used throughout the proof.

First, it will be convenient to think of ¥ as a (closed) disk with n handles attached; let
us number the handles from 1 to n. We also fix a point py on the boundary 9% (it will
serve as the base point for all the fundamental groups considered below).

For each 1 < i < n, choose a point p; on the i*" handle and curves a; and b; passing
through p; as shown on Figure 2. Also choose (oriented) paths ; from py to p; such that
the sets ; \ {po} are disjoint.

Next define the curves o; and 3; by a; = y;a;; L and Bi = vibiy; L'~ note that these
are closed curves based at py (see Figure . For simplicity we will also use the notations
a; and B; for the corresponding classes in the fundamental group m (%, po).

<
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Let (0Y)p, denote the boundary of ¥ considered as a closed path from pgy to itself
oriented clockwise. It is easy to check that (0X),, is homotopic to [] [as, Bi].

n

=1

The mapping class group Mod,l1 = Mod(X) is defined as the subgroup of orientation pre-
serving homeomorphisms of 3 which fix the boundary 0% pointwise modulo the isotopies
which fix 9 pointwise. The action of Mod(X) on ¥ induces an action on m = 71 (%, po)
and thus we obtain a homomorphism ¢ : Mod(X) — Aut(w). The group = is free of rank
2n with generators o, f1, . . ., &y, Bpn, and since (9%),, is fixed under the action, the image

n
of ¢ stabilizes [] [y, 8;] by property (ii) above. In fact, a stronger statement holds:
i=1

n
Theorem 4.1. The map ¢ is injective and Im ¢ is equal to the full stabilizer of [] [, Bi
i=1
in Aut(m).

Remark. (a) The surjectivity part of Theorem [4.1] (the fact that Im ¢ is the full stabilizer)
is due to Zieschang [Zi] (see also |[ZiV(C]). This can be rephrased by saying that Mod(X%)

n
acts transitively on the set of (ordered) bases 01,01, ...,0p, 0, of w satisfying [] [0;, /]
i=1

(0%)p,- Recall that such bases were called natural in the introduction.

(b) Theorem [4.1}is a variation of the classical Dehn-Nielsen-Baer theorem which asserts
that for a closed surface X of genus n, the mapping class group Mod(X) is isomorphic to
an index 2 subgroup of the outer automorphism group of a surface group on 2n generators.

Johnson filtration. For each k € N define Z} (k) to be the kernel of the induced map
Mod} — Aut(7/y417). The filtration {Z}(k)}32, is called the Johnson filtration. The
first term of this filtration Z} = Z!(1) is the Torelli subgroup of Modl. It can also be
defined as the set of elements of Mod, acting trivially on Hy(X!). The second term of the
Johnson filtration K} = Z!(2) is known as the Johnson kernel. It can be defined purely
topologically as the subgroup generated by Dehn twists about separating curves.

Recall that we consider n as being fixed, and for the rest of the section we will use the
simplified notations M = Mod},, Z = Z} and K = K. Occasionally we will also use the
notations Z(€2) and IC(€2) for the Torelli subgroup (resp. Johnson kernel) of the mapping
class group of a surface ).

4.2. Generators for the mapping class group. It is well known that the mapping
class group Mod}L is generated by Dehn twists. The minimal number of Dehn twists
needed to generate Mod?, for b = 0,1 is 2n + 1 as proved by Humphries [Hu] for b = 0
and by Johnson [Jo2] for b = 1 (the generating set in [Jo2|] is a natural analogue of the
one in [Hul). More specifically, Mod?. is generated by the Dehn twists about the curves
€1,C2, ..., Cop, b defined in [Jo2, p.428, Figure 5].

Usually, in the definition of the Dehn twist T, one assumes that v is an essential simple
closed curve, but for the discussion below it will be convenient to introduce the following
convention: If v is a closed curve on ¥ which is not simple, but freely homotopic to some
essential simple closed curve 7/, we set T, = T',s. The right-hand side is well defined since
two freely homotopic curves on a surface are isotopic, and the Dehn twist T’/ is determined
by the isotopy class of 7.
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FIGURE 4. The surface Xy 3 4

With this convention, we can relate the Humphries-Johnson generating set to the curves
«;, B; introduced in § It is not hard to see that co; is freely homotopic to B; for
1 <4 < n, that cg;_1 is freely homotopic to aia;_ll for 2 < i < n and that ¢; and b are
freely homotopic to a1 and ag, respectively. Thus, |[Jo2, Theorem 3] can be restated as
follows:

Theorem 4.2. The mapping class group Mod}l 1s generated by the following Dehn twists:
{Ts, : 1 <i<n}, {Towﬂ1 :2<i<n}, Ty, and Ty,

We will not explicitly refer to Theorem in this paper, but we will use several results
whose proof rely on Theorem

4.3. Generators for the Torelli subgroup and subsurfaces ;. It is a celebrated
theorem of Johnson [Jo2] that the Torelli group Z = 7} is finitely generated for n > 3.
Johnson’s generating set from [Jo2|] is explicit, but it lacks a key feature of Magnus’
generating set for IA, — the fact that most generating pairs commute — that is essential
for our purposes. A generating set for Z which has the latter property was constructed by
Church and Putman [CP] using an earlier work of Putman [Pul].

Recall the curves a; and 8;, 1 < i < n, defined in § For each I C [n] choose a
subsurface X7 C X satisfying the following properties:

(i) the curves «; and 5; lie on Xy for all i € 1
(ii) X; has genus |I| and 1 boundary component
(iii) the boundary of ¥; is homotopic to [[,c;[c, ;] (where the product is taken in
increasing order).
(iv) ¥y N 0¥ is an interval which contains pg and does not depend on [

For a longer but more transparent definition of X; see [CP, § 4] or [EH, § 7]. For an
illustration see Figure

It is not hard to show that the subsurfaces Y; are uniquely defined up to isotopy and
satisfy the following properties:

Observation 4.3. The following hold:
(1) Xy is dsotopic to ¥;
(2) if I C J, there exist subsurfaces ¥ isotopic to X1 and X'} isotopic to X such that
X Cyy
(3) if I and J are disjoint and uncrossed (as defined below), there exist subsurfaces X'
isotopic to X1 and X'} isotopic to Xy such that X and X'} are disjoint;
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(4) If |I| = |J|, there exists an orientation-preserving homeomorphism g of ¥ acting
trivially on 0% such that g(¥1) = 2.

Definition. Let I and J be disjoint subsets of [n]. We will say that I and J are crossed
if there exist i1,i9 € I and ji,j2 € J such that i1 < j1 < g < jo or j1 < i1 < jo < io.
Otherwise I and J will be called uncrossed. Clearly, if I consists of consecutive integers,
then I is uncrossed with any subset J disjoint from it.

Remark. The technical condition (iv) in the definition of ¥; (which was not imposed
in [CP| or [EH]) is needed to ensure that property (4) in Observation holds. Note
that an easier way to achieve (4) would be to require that ¥; N 9X = (). However, the
latter would prevent us from considering the fundamental groups of ¥; as subgroups of
m1(2, po), something that is essential for our purposes.

For each I C [n] define Mod; to be the subgroup of Mod(X) consisting of mapping
classes which have a representative supported on X7, and let Zr = Mod;NZ. Parts (1)-(3)
of Observation have obvious group-theoretic consequences:

Observation 4.4. The following hold:
(i) Mod[n] = MOd(Z)
(i) of I C J, then Mod; C Mod
(iii) of I and J are disjoint and uncrossed, then Mod; and Mod; commute.

A deep result of Church and Putman [CP, Proposition 4.5] asserts that if n > 3, then
T = (I; : |I| = 3). This fact played a key role in the proof of finite generation of K. in
[EH], but in [EH] there was no need to work with a specific finite generating set inside
U Z;. In this paper we will need to choose such a generating set S as follows: we will
=3
start with some finite generating set Sy 93y of Zy; 23) and then add to it the images of
S{1,2,3) under carefully chosen isomorphisms between Zy; 5 3y and Z; for every 3-element
subset I of [n]. The details of this construction will be given later in this section.

4.4. Abelian quotients of the Torelli subgroup. Let V = H;(X). Then V is a free
abelian group of rank 2n, and it is well known that the algebraic intersection form on
V' is symplectic. Clearly M /Z acts on V preserving this form, so there is a canonical
group homomorphism M /Z — Sp(V) where Sp(V) is the group of automorphisms of V'
preserving this form. It is also well known that this homomorphism is an isomorphism,
which enables us to identify M /Z with Sp(V).

From the definition of the Johnson filtration it is easy to see that the quotient Z/K =
Z1(1)/Z}(2) is abelian and torsion-free. A complete description of the abelianization of Z
for n > 3 was obtained in a series of Johnson’s papers [Joll [Jo3| lJo4]. Below we collect
some specific results about abelian quotients of Z that will be needed in this paper:

Theorem 4.5. Assume that n > 3. The following hold:

(a) Z/K is the largest torsion-free abelian quotient of T
(b) There is a canonical isomorphism of Sp(V)-modules T/K = A3V. In particular,
2n
/K = 2(3) as a group
(¢) K/[Z,Z] (which by (a) is the torsion part of T/[Z,Z]) has exponent 2 and rank

(3)+ () + (%)
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We proceed with the description of Z/K. Recall the curves a; and b; on ¥ introduced
in § By slight abuse of notation below we will use the notations a; and b; for the
corresponding homology classes in Hy(X). It is clear that a1, b, ..., an, by, is a symplectic
basis of Hi(X), that is, a; - aj = b; - b; = 0 for all ¢, j and a; - bj = 6;;. Also note that a;
and b; span Hi(¥g;).

Let V' = Hy(X), for i € [n] let V; = H1(¥;) = Span{a;, b}, and for I C [n] let
Vi = ®ie1V; = Span{a;,b; ;i € I} C V. Thus, A3V = Z|1\=3 A3V7. Recall that we have
an isomorphism of Sp(V)-modules Z/K — A3V. For every I C [n] let @7 : Iy — A3V
be the map obtained by precomposing the isomorphism Z/K — A3V with the natural
projection Z — Z/K and the inclusion Z; — 7.

The following result is an immediate consequence of Johnson’s paper [Jo4]:

Lemma 4.6. For every I C [n] we have pi(Z;) = V.

We can now construct a generating set for Z with certain nice properties. First order
the chosen basis of V' as follows: a1 < by < as < ... < by, and let B be the set of all
wedges Ay A z with 2,9,z € {a;,b;} and x < y < z. Clearly B is a basis for A3V.

Lemma 4.7. Suppose that n > 3. Then for every I C [n] with |I| = 3 there exists
a generating set Sy for Iy with |Si| = 42 whose image in Z/K is equal to (BN Vi) U
{0}. Moreover, if we let S = Ujy=3S1, then S is generating set for T which satisfies the
conclusion of Lemma[2.3 for G =Z, K =K and E = B.

Proof. By [Jo2], the group Z; = 71 has a generating set S9 with 42 elements. By
Lemma the image of Z; in V is equal to V7, which is a free abelian group of rank 20
with basis BN V7. As in the proof of Lemma applying suitable Nielsen moves to S?
(replacing = by 2y*! where = and y are distinct generators), we obtain another generating
set Sy of T with 42 elements whose image in V' is equal to (BN V;) U {0}.

The set S = U\I|:3 St generates Z by [CP| Proposition 4.5]. Also the image of S in
A3V is equal to U= (BN V) LU {0} = BL {0}, so S indeed satisfies the conclusion of
Lemma (for the desired G, K and E). O

Our effective generation procedure described in Section 2 can be applied to any generat-
ing set S constructed in Lemma [£.7 However, some additional compatibility assumptions
on {Sr} will be needed in order to explicitly estimate the constants A and B from Theo-
rem We postpone this discussion until the end of this section.

4.5. Some elements of Mod(X). In this subsection we will prove the existence of certain
elements of Mod(X) with a prescribed induced action on 71 (X, pg). These results will play
a key role in estimating the constant A later this section.

Lemma 4.8. Let I be a non-empty subset of [n], and let k = |I|. Suppose we are given
closed curves {(%,53}?21 which are based at py, lie on X1, form a basis of 71 (X1, po) and
such that H§:1[5i75z/‘] = (0X1)p, n m1(X,po). Then there exists an element f € Mod(X)
such that

(a) some representative of f maps X onto Xy
(b) the induced action of f on m1(¥,po) satisfies f*(cj) = 6; and f*(B;) = &; for all
1<j<k.
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Moreover, suppose that f' € Mod(X) is another element satisfying (a) and (b). Then f’
coincides with f on X, and therefore, fsf~ L= #'s(f")~" for all s € Mody;.

Proof. We first construct an element f satisfying (a) and (b). By Observation[d.3(4), there
exists g € Mod(2) such that some representative of g maps X to Xg.
k
Since (0¥k))po = [ [, B5] and (9%1)p, = H [05,05] in 71 (2, po), the induced action
J=1 J=1
of g on m1(3, po) satisfies

k k
(4.1) g* ([ Tle, 81 H [65, 03].
j=1 j=1

Since a representative of g maps X homeomorphlcally onto ¥y and {¢;, ﬁj}le gen-
erate m1 (X, po), the elements {g* (), g (B]) _, generate 1 (27, po).

Since 71 (X7, po) is free of rank 2k and the automorphism group of a free group F
acts transitively on the sets of bases of F', there exists ¢ € Aut (7m1(27,po)) such that
©(65) = g*(a;) and ¢(8}) = g*(B;) for all j € [k]. Then

k k k k k
([ 165,50 = [ 1Le(8) 0(9)] = [ Tlo™(e5), 97 (8))] = ¢ (] s B,)) H 65,30,
3=1 j=1 j=1 j=1 j=1
(where the last equality holds by (4.1))), so by Theorem applied to the surface Xy,
there exists h € Mod(Xr) such that h* = ¢. If we extend h to Mod(X) by letting it act
trivially on ¥\ ¥, then clearly f = h~!g satisfies both (a) and (b).

Let us now prove the ‘moreover’ part. Suppose that f' € Mod(X) satisfies both (a)
and (b), and let h = (f')~!f. By (a) some representative of h stabilizes - By (b) b
acts trivially on 71 (X)), and hence by the injectivity part of Theorem h acts trivially
on X, S0 f' coincides with f on Y- Finally, any s € Mod is supported on X, so
hs = sh which yields the last assertion. O

The following corollary describes a key special case of Lemma

Corollary 4.9. Let I be a subset of [n], let k = |I|, and let i1 < iz < ... < i} be the
elements of I listed in increasing order. Then there exists an element fr € Mod(X) such
that

(a) some representative of fi maps X onto X
(b) the induced action of fi on m1(X) satisfies f(c;) = ay; and f7(B;) = Bi; for all
1<j<k.
Moreover, if fr € Mod(X) is any element satisfying (a) and (b), then for any subset J of
[k], some representative of fr maps ¥; onto X1, where I; = {i;:j e J}.

Proof. The first assertion is a special case of Lemma so we only need to prove the
‘moreover’ part. So take any fr € Mod(X) satisfying (a) and (b). Then

(4.2) F1(O%0)p0) = fi([ ley, Bi) = ]l B:] = (951, )po-

JjedJ i€ly

Thus, if fj is any orientation-preserving homeomorphism of 3 which fixes 93 pointwise
and represents fr, then fr(9%X;) is homotopic (and hence isotopic) to 0%;,. By [EM,
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Prop. 1.11], an isotopy between E(BEJ) and 037, can be extended to an isotopy of X
(acting trivially on 0%). Hence after perturbing ]71 by an isotopy of 3, we can assume
that f7(8%;) = 0%, and hence f7(X\ d%,) = £\ 9%, .

The topological spaces ¥\ 0¥; and ¥ \ 0X;, both have two connected components:
Yy\ 0¥y and £\ X, (resp. Xy, \ 0¥y, and ¥\ X,). Since 1 acts trivially on 9% and
since the intersection (3\ X;) N (X\X,)NO% is non-trivial by construction, fr must map
2\ 2y to £\ X7,. Thus f7(Ss\ 0%,) = £7, \ 857, and hence f1(3y) = ¥y, O

4.6. An analogue of Lemma In this subsection we will establish an analogue of
Lemma for mapping class groups (see Lemma below). The proof of the second part
of Lemma [£.10] will be postponed till the next subsection, as estimation of the constants
A and B in the mapping class group case requires more work.

Since Z/K is the maximal torsion-free abelian quotient of Z, we have Hom(Z,R) =
Hom(Z/K,R). By the same logic as in Section 3, there is a natural embedding of M =
Mod(X) to Aut(Z) and a natural action of Sp(V') = M/Z on Hom(Z/KC,R).

The symplectic group Sp(V) = Sp,,(Z) is generated by the elements w;, 7; for i € [n]
and 7;; for i # j € [n] defined as follows (all basis elements whose image is not specified
are fixed):

a; — b; a; — a; +a;
ws - ! ! T a; — a; + b; Tij ! ! J
bw—)—ai bj i—)bj—bi

In addition, for each 1 <i # j <nlet f;; € Sp(V) be the element which swaps a; and a;
and swaps b; and b;. We will refer to the elements f;; as transpositions.

Lemma 4.10. Let S be as in Lemmal[{.7, let x be a nonzero character of G =T and let
M = M(x). The following hold:

(a) There exists g € Spy,(Z) and Z C S with the following properties:
(i) (S, Z) is chain-centralizing
(ii) |gx(z)| = M for all z € Z
(iii) g is a product of at most 15 elements of the form 1;; and and at most 3
transpositions f;;.
(b) There exists an absolute constant Cy (independent of n) such that any g in part
(a) admits a lift ¢ € Mod} with A(p*!) < Cp.

Proof. Unlike the case of Aut(F},), the set Z will depend on y, but there will be only
boundedly many possibilities, and in each case Z will contain 4 elements, exactly one
element from each of the sets SNGy for I = {1,2},{3,4},{5,6} and {7,8}. For each such
Z the pair (5, Z) is chain-centralizing — this follows immediately from Observation [4.4(iii).

The proof of Lemma [4.10]a) is very similar to that of Lemma [3.2f(a), so we will just list
the main steps and skip the details of the computations. As in the proof of Lemma [3.2
in each step M denotes a positive real number and A is an arbitrary character of G.

Step 1: If M(X\) > M, there exists g € Spy,,(Z) which is a product of at most 3 transposi-
tions f;; such that 2 € BNV 9y or 2 € BN V(93

Below we will consider the case where z in Step 1 lies in Vjj 93; the other case is similar.
Without loss of generality we can assume that z = a3 A by A bs.
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Step 2: If [X(a1 Aby Abg)| > M, there exists g = {5 with |e| < 2 such that [gA(a1 AbiAb2)| >
M and |gA(a; Abs Abe)| > M.

Step 3: If [A(a1 Aby Abg)| > M and |A(a1 Abs Abg)| > M, there exists g = 75, with |e| <2
such that [gA(a1 A by Abg)| > M and [gA\(az A b3 Ab)| > M.

Step 4: |A(a1 ANbi Abz)| > M and |A(az A bz Abz)| > M, there exists g = 75, with |e] <1
such that [gA(a; A by Abg)| > M and [gA\(az A b3 Aby)| > M.

Combining Steps 1-4, we conclude that there exists g1 € Sps,,(Z) equal to the product
of at most 3 transpositions and at most 5 elements of the form Tligl,Til, 7'2i41 such that
|91x(2)| > M for some z € Vi 9N B and also for some z € V{34, N B. Repeating Steps 2-4
two more times, first replacing indices 3 and 4 by 5 and 6, respectively, and then by 7 and
8, we obtain an element g satisfying the conclusion of Lemma

(b) For an essential simple closed curve «, the action of T,, on H;(X) is given by the
following formula (see, e.g., [EM) Prop. 6.3]) H

(4.3) To([8]) = 18] + ([8] - [e))[e].
A direct computation using this formula shows that
(i) The Dehn twist T, is a lift of 7;
(i) The element W; = T, T, T, is a lift of wj
(iii) The element WZTOliL;lTaiTaj W, is a lift of 7.

Below we exhibit the calculation for (iii) (assuming the result for (ii)). Recall that a; = o]
and b; = [3;]. We have
T 1
W_ To, Wi
a; — —b; —> br—>al—b r%al—b (a; —aj) =a; — b —> a; + a;
T—l

w; b Ta w;
b»—>a2»—>azlﬁal »4(11 bi

T1
Wl To . -

a]»%a]%ajlﬁa] 4%»—)%
—1 T_

w; T, )
bj — b; r—>b —a; —> bj — a; »4 bj —a; — (aifaj):bj—ai&bjfbi

In the case of transpositions f;; it will be more convenient to define lifts directly instead
of expressing them as products of Dehn twists. Given distinct ¢ < j € [n], let Fj; be the
unique element of Mod (%) which is supported on X, ;1 and acts on 71(2y; j3) as follows:

Oy = ﬁl — ﬂj Qi —> OéEaj?ﬁj] ﬁj — Bi[ajﬂj]
Such an element Fj; exists (and is unique) by Lemma It is clear that Fj; is a lift of
fij-
Now any ¢ in part (a) has a lift ¢ which can be written as a product of at most 3

transposition-lifts F;; and at most 135 Dehn twists Ty, T, or T, -1 or their inverses. By
]

(3.4), in order to get an absolute bound for A(¢*!,S), it suffices to prove the following
proposition.

1Proposition 6.3 in [EM] makes the additional assumption that the curve g is also simple. However,
since H1(X) is generated by the homology classes of simple closed curves, by linearity (4.3 holds for all 5.
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Proposition 4.11. For a suitable choice of S there exists an absolute constant C (inde-
pendent of n) such that A(g,S) < C for g = Til TjEl TjEl o or Fil.

Remark. The assertion of Proposition does mot appear to be obvious even if we
restrict ourselves to, say, g = T,, with i fived but n tending to infinity.

Proposition will be proved in the next subsection. O

4.7. Estimating the A constants. Recall that by Corollary for every non-empty
subset I = {i; <2 < ... < iy} of [n] there exists an element f; € Mod(X) which maps
Y to ¥y and satisfies fi(aj) = a; and f7(B;) = By, for all 1 < j < k. From now on we
will fix such an element f; for every I.

Let us record one more simple observation, which is an immediate consequence of the
moreover parts of Lemma and Corollary

Observation 4.12. Let I = {i; < iy < ... < i} be a subset of [n], let J be a subset of
(K], and let I; = {ij : j € J}. Then the elements fr, and frf; coincide on X ;) and hence

frysfit = frfis(fifs)™" for all s € Mody .

Proof. Let t = |J|, and write J = {j1 < ... < j¢}. Recall that some representative of f;
maps Yy to X7, and by Corollary @ some representative of fr maps X; to X7,. Thus,

if f = frfs, the following hold:

(i) some representative of f maps X to Xy,

(ii) for all 1 <m <t we have f*(am) = ff(ay,,) =y, ~and similarly f*(6) = B;;, -
If f = fr,, then both (i) and (ii) also hold by construction. Hence, the assertion of
Observation follows from the moreover part of Lemma O

We are now ready to prove Proposition
Proof of Proposition[4.11. Define a generating set S for Z as follows:

Definition of S: Choose any generating set Sj3 of Z3 satisfying the requirement of
Lemma For every I C [n] with |I| = 3 define S; = fIS[3]fI_1 and let S = ;=5 ST
It is clear that each S; (and hence S) also satisfy the requirement of Lemma

By definition, A(g,S) = A(g, U Sp) = |r£1|ax A(g,SL), so it is enough to bound

|L|=3 =3

A(g,Sr) with |L| = 3. From now on we fix L with |L| = 3.

Case 1: g = T;la_l for some u # v.

Since the Dehn twist does not depend on the orientation of the curve, without loss of

generality we can assume that u < v. Below we will consider the subcase g = T, o1 the

subcase g = T -1 ' is analogous.

in increasing order. Then, in the notations of Observation [4.12] we have L = I; where J
is a 3-element subset of HI ] € [5].

Now take any element x € Sp. By definition, x = fLst_1 where s € Sj3. Since
fr = frfy on X3 by Observation and fJ:st_1 € Sy (by definition of S;), we have
T = f[tfl_l for some t € S;. Hence

(4.4) grgt = g(frtfr g™ = fi(f a0t g fn) T

Let I = LU{u v} (thus 3 < |I] <5). Let i1 < i < ... < 47 be the elements of I listed
ﬂ
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By the conjugation formula for Dehn twists (see, e.g.,[FM| Fact 3.7]) we have
I8 = I T 0 01 = Ty uar) = Ty ey et = Topart
where r, s € [|I|] are the unique indices such that i, = v and i; = v.

It follows that f, Lgfr is an element of Modyz}, for which we have only boundedly many
(in fact, at most (g) = 10) possibilities. Hence we also have boundedly many possibilities
for y = (f; tgfn)t(f; tgfr)~" (since t € Sy and J C [5] with |J| = 3, we have at most
(g) |S[3)| = 420 possibilities for ¢ and hence at most 4200 possibilities for y). Note that y
also lies in Zjj7) and thus we can write y = tfl ...t where each tj € S|y and m < Cf for

m
some absolute constant C1. By (4.4)) we have gzg~! = ijfl_1 =] f[tkfl_l. We claim
k=1

that each factor in the latter product lies in S. This would imply that ||gzg~!||s < m < C
and thus finish the proof.

Indeed, for each k as above we have t;, € Sy with |J;| = 3 and J C [|I|], so t =
f1.5k fJ_kl for some s, € S[3. Hence, using Observation again we have

frtefrt = fifnsefy frt = fIJkSkffJi €5, C6S.

Case 2: g = T(;tul or Téil for some w. This case is similar to (and easier than) Case 1.

Case 3: g = F£! for some u < v. The argument in this case is mostly similar to Case 1,
so we will just outline the differences. First as in Case 1, without loss of generality we can
assume that g = F,,.

Fix L C [n] , and let I = L U {u,v} (thus 3 < |I|] < 5). Take any =z € Sr. As in
Case 1, x = fltffl with ¢ € S|z, and we just need to find an appropriate expression for
the conjugate f;lFuvfI.

Let i1 < iz < ... <) be the elements of I listed in increasing order, and let r,s € [|/]]
be such that v =4, and v = is. By definition of f7, some representative of f; sends ¥, o}
to Xy} Since Fyy is trivial on the complement of Xy, ), we conclude that fI_IFm,f[
is trivial on the complement of Xy, . The action on Xy, ;) is determined by direct
computation below. We have

(4'5) (f;lFuvfI)* (ar) = (f;lFuv)* (az) = (f;l)* (av) = Qs
(4.6) (7 P fr) () = (f ' Fun) " (ag) = (F771) 7 (0") = af.

Similarly, (f; 'Fuofr)” (B8r) = Bs and (f; 'Fuufr)” (8s) = Br°. Hence f;'Fuufr = Frs.
Since F;s is supported on Xy, the remainder of the argument is identical to Case 1. U

4.8. Conclusion of the proof of Theorem [1.2

Proof of Theorem[1.3. Let us first prove Theorem [I.2)(1). Let S be a generating set for 7
constructed in Proposition[4.11] This set need not satisfy the conclusion of Theorem[L.2|1).
First we decompose S = S U Sy U S3 as in the setup introduced before Theorem [2.13
Thus, S3=SNK, S; = {s1,...,Sn} is a subset of S\ S3 such that the natural projection
0 : T — Z/K maps S1 bijectively onto B (and Sy = S\ (S1 U S3)). Also recall that for
s € Sy we denote by d(s) the unique integer such that 0(s) = 0(ss))-

Define S = Sy and S = S3U{s7Ls4() : s € Sa}. Then (SDUSW) = (51118,1153) =
7. Also note that S lies in K and the image of S in Z% generates K/[Z,Z] (the latter
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holds since the image of S U S@ generates Z% and the images of elements of S™) are
linearly independent modulo K). Since K/[Z,Z] is a vector space over Fa, we can choose a
subset S of S whose image in K/[Z,Z] is a basis of K/[Z,Z]. Finally, we can multiply
each element of S\ S by a product of elements of S (on either side) so that the
obtained element lies in [Z,Z], and let S®) be the set of all such elements.

Since SMUS@1SB) is obtained from S by Nielsen transformations, it clearly generates
Z, and the additional properties asserted in Theorem [L.2[1) hold by construction.

Now let 6 : T — Z/K be the natural projection. By Theorem and Lemma [1.10]
the set 01 (Bu(R)) is connected where R is bounded by an absolute constant. By Theo-
rem KC is generated by elements of the form

ai+1 a

(a) [si,sj]sjlsiﬂ 5" where 1 <i < j <n and |a;| < R for all j

(b) 21 52”57 where 7 € S® and la;| < R for all j
This generating set is almost the same as the set in Theorem (2) — the only difference
is that the condition z € S® above is replaced by z € S® U S®). But by construction
the subgroup generated by S™ is equal to the subgroup generated by S and S®), so
the set described in Theorem (2) also generates . This proves Theorem 2).

Finally, Theorem [1.23) follows from Theorem [I.22) by a standard application of the

Reidemeister-Schreier process and straightforward computations involving basic commu-
tator identities. O

Estimating the constant R. Let us now briefly address the problem of explicitly es-
timating the constant R in Theorem Let S%} be the generating set of I[lg] with 42
elements constructed in Johnson’s paper [Jo2]. We can algorithmically construct another
generating set Sj3) of I[l?)], also with 42 elements, satisfying the conclusion of Lemma
Next for each I C [5] with |I| = 3 we choose f satisfying the conclusion of Corollary
(it is easy to do this explicitly) and define S; = f[S[3]fI_1. Also define Sz = U S1.
I|=3,IC[5

Now the key step is estimating the constant C from the proof of Propositlio‘n ] To

do this, we need to explicitly express each conjugate yty~!, where t € Si5) and y = Ta_;,l,
i

Tjil or Tg:l, 1 <i# j <5, as a product of elements of Sj5. An algorithm for obtaining
such expressions is given in the Ph.D. thesis of Stylianakis [Sty]; however, some of the
arguments in [Sty] rely on certain computations in [Jo2].

Finally, it is easy to express the constant R in terms of C following the steps of the
proof of Theorem (2)

4.9. Proof of Theorem Throughout this subsection S will denote the generating set
for 7 constructed in Proposition [4.11] (not the modified set from the proof of Theorem [L.2)).
Let us recall some notations from the introduction. We let w = {ay, i} ;; also for
1 <1< nwesetw ={a;B}_,. Given m € N we denote by Ts.(m) the set of all Dehn
twists T, where v € m1(X, pg) can be represented by a separating curve and ||7y[[, < m.

Theorem [1.3] will be deduced from Theorem [1.2] (or rather its proof) and the following
technical lemma.

Lemma 4.13. The following hold:

(a) Let w be any word in the free group on 2 generators. There exists a constant
Cy depending only on w with the following property: for every s,t € S such
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that w(s,t) € IC, the element w(s,t) lies in (Ts.(Cy)), the subgroup generated by
Tse(C).

(b) There exists an absolute constant Co such that ||s*(a)|l, < Caolla|w for all a €
m1(2,po) and s € SF!

Before proving Lemma we establish a simple auxiliary result.
Claim 4.14. For every I C [n] we have K(X;) = K N Mod;.

Proof. Let m = (X, po) and 7y = 71 (X1, po). Using Theorem 4.1} we can identify Mod(X)
and Mod; = Mod(X) with subgroups of Aut(r) and Aut(nr), respectively. Under this
identification, KC(X;) consists of all elements of Aut(wy) which act trivially modulo y3my
and lie in Mod;, while £ N Mod; consists of all elements of Aut(7;) which act trivially
modulo 37w N 77 and lie in Mod;.

Thus, proving the equality K(37) = KN Mod; reduces to showing that ys3m; = y3mN7y.
The latter holds since 7 is free and 7 is a free factor of m and hence a retract of . O

Remark. Claim is a special case of [Chl, Theorem 4.6]; however, we decided to give
a direct proof since we are dealing with a much more specific situation compared to [Chl.

Proof of Lemmal[{.13 (a) Take any s,t € S and a word w such that w(s,t) € K. By
definition of S, there exist I,J C [n] with [I| = |J| = 3 and u,v € S[3 such that
s = ffufl_1 and t = fyuf;!. Let L =IU.J and [ = |L| (thus, [ < 6). Then, using the
notations of Observation I =Lyand J = Lp for some A, B C [I]] C [6]. Hence
by Observationm s = fLAUfL_j = frs'f;! where s’ = faufy'. Similarly t = frt'f;*
where t' = fpufg".

Note that s',¢" € Sjj. Also note that s’ and ' are obtained from s and ¢ by conjugation
by the same element of Mod(X). Since w(s,t) € K and K is normal in Mod(X), it follows
that w(s',t') € KN Mod[l] = ’C(E[l])

Since s',t" € Sy and [ < 6, there are boundedly many possibilities for the pair (s',#').
Let us enumerate all such pairs (s7,t)),...,(s],t;) satisfying the additional restriction
w(s},t;) € K (and hence w(s},t}) € K(Xp)). Since K(Xp)) is generated by Dehn twists
T, with v € (X, po) separating, there exists a constant C,, depending only on w such
that each element w(s},t;) (and in particular w(s',#')) lies in the subgroup generated by
all T, where v € 71 (X, po) is separating and ||, < Cy.

k T:I:l

Thus we can write w(s’,t') = [[;_; T5;

where each v; € 71 (3, po) is separating with

k k
@.7)  w(s,t) =w(fs'ft frt ) = frw(s O =TT =T T,
i=1

i=1
Finally, by definition of f7, we have f}(w;) C w and therefore for any +; in (4.7) we have
t

£ (Vi)llw < 1villw, < Cw, and hence w(s, t) lies in Ty (Cy) by (4.7).
k
b) Take any 1 # o € m1 (X, po), let k = ||a|w, and write o = Al with \; € w. Since
g J
j=1

k k
[s* (@)l = || TT s*(A)Fw < X [15*(Aj)|lw, to prove (b) it suffices to show that there
j=1 j=1

exists an absolute constant Cs such that
|s*(A)]|w < Cy for all X € w, that is, for A = «; or §;.
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By symmetry, it suffices to consider the case A = o; and s € S. Write s = fv fjl where
|J| =3 and v € Spg. Let I = {i}, L =IUJ and [ = |[L| < 4. Asin (a) we have s = frs'fit
where s’ € Sy and A = f}(ay) for some j € [I].

Then s*\ = (fr8'f; 1)* fi(e;) = fi((s')*a;). Since we have boundedly many possibili-
ties for j and s, we have ||(s")* |, < C2 for some absolute constant Cs, and as in the
proof of (a) we have || f7((s')*a;j)|lw < [|(s")*@jllw,- Thus, ||s*A|l, < Ca, as desired.

0

Proof of Theorem[I.3 Recall that S is the generating set for Z from Proposition
In the proof of Theorem [1.2] we showed that the Johnson kernel I has a generating set
consisting of elements of the form z¥ where z = [s,t] for some s, € S or z € S¥ (in

m
the notations from that proof) and y = [] s; where each s; € S and m < Rn? for some
j=1
absolute constant R, namely the constant R from Theorem (b) Also recall that every
element of S® either lies in S or has the form st with s,t € S.
Consider the following three words in the free group on two generators a,b: wi(a,b) =
a, wa(a,b) = a~'b and ws(a,b) = [a,b. Let C; be the maximum of the constants
Cuy s Cusyy Cuy from the conclusion of Lemma [£.13|a). Now take any z and y as in the
k

previous paragraph. By Lemma (4.13(a) we can write x = [[ T,, where v; € m1(X, po) is
i=1

separating and ||v;||, < C1. Hence

1
i=1 i=1 (:H 351)*(’72')

1
By Lemma {4.13|(b) for each i we have ||( [] sj_l)*(’yi)Hw < CP'illw < Cf”BCl <
=m

<

(C1C3)E"* . Thus, Theorem [1.3 holds with D = (C1Cy)E. 0
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