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Abstract

By a Theorem of Camina, the Nottingham group N (F,) contains
an isomorphic copy of every finitely generated pro-p group. In this
paper we obtain several restrictions on the structure of subgroups of
N(F,) which have positive Hausdorff dimension and show that such
groups, if finitely generated, cannot be linear over a local field. This
implies that just-infinite subgroups of N(F,) studied in [F] and [BK]
are not linear over any profinite ring.

1 Introduction

Let F be a finite field and let N'(F) be the group of wild automorphisms
of the field F((t)), traditionally called the Nottingham group. One of the
remarkable properties of the Nottingham group N' = N (F,) is the fact that
any finitely generated pro-p group can be embedded as a closed subgroup of
N. The original proof of this result is due to Camina [Cal]; later a different
argument was given by Fesenko [F]. Both Camina’s and Fesenko’s proofs
provide a certain algorithm for constructing a subgroup of N isomorphic to
a given pro-p group G. However, the subgroups of A/ constructed in such a
way have rather special form. For example, they always lie in the closure of
the torsion of the Nottingham group and are small in the sense of Hausdorff
dimension. As noted in [BK], Fesenko’s construction always gives subgroups
of dimension zero, and in Camina’s construction dimensions cannot exceed
1/p; moreover, it is not clear whether positive dimensional subgroups can
occur at all. Thus one may hope that positive dimensional subgroups of the
Nottingham group have more restricted structure. In this note we prove the
following theorem.



Theorem 1.1. Let G be a finitely generated subgroup of N (Fp) of positive
Hausdorff dimension. Then G is not linear over a local field (as a topological
group).

A stronger statement can be made about just-infinite subgroups of N (Fp).
This is because of a Theorem of Jaikin-Zapirain [JZ] which says that a just-
infinite pro-p group which is linear over some profinite ring must be linear
over a local field.

Corollary 1.2. Let G be a just-infinite subgroup of N (F,) of positive Haus-
dorff dimension. Then G is not linear over any profinite ring.

This result is important in connection with the problem of classification
of hereditarily just-infinite pro-p groups of finite width (HJIFW groups)—
see [LM] and [Sh]. The majority of the known examples of such groups are
compact open subgroups of linear algebraic groups over local fields. The
only other known examples of HJIF'W groups are the Nottingham groups
N (F,), where ¢ = p", and three infinite families B, Q and 7 of subgroups of
N (Fp) constructed in [BK], [Er] and [F], respectively (see also [Grifl] and
[Grif2]). All groups in the above families are easily seen to have positive
Hausdorff dimension, and thus Theorem 1.1 confirms that these groups are
not commensurable to any of the previously known HJIFW groups.

The proof of Theorem 1.1 consists of two parts. In the first part (Section
3) we use the structure of the Nottingham group to show that the centralizers
and the normalizers of certain subgroups of N (F,) must have dimension zero
(in particular, any nilpotent subgroup of NV (F)) is zero dimensional). In the
second part (Sections 4 and 5) we use Pink’s Theorem [P] to show that
every finitely generated pro-p group G which is linear over a local field can
be written as a product of finitely many subgroups G1Gs ... G, such that
each G; cannot be embedded in N (F,) as a positive dimensional subgroup
because of the above restrictions (Theorem 4.1). The latter implies the
assertion of Theorem 1.1 according to Proposition 2.1.

Remark. Recently, M. Abert and B.Virag [AV] obtained several interesting
results about the structure of positive dimensional subgroups of I'(p), the
group of p-adic automorphisms of the infinite rooted p-ary tree (see [Grig]
for background). In particular, they showed that such subgroups cannot be
solvable (and, more generally, cannot be abstractly generated by countably
many solvable subgroups). They also established a special case of their
conjecture (related to earlier conjectures of Boston [Bo| and Wilson [Wil])
that a positive dimensional subgroup of I'(p) must contain a nonabelian
free pro-p group. It would be interesting to answer the analogous questions
about positive dimensional subgroups of N (F)).



2 Preliminaries

Throughout the paper, groups are assumed to be topological unless indicated
otherwise; by a subgroup of a topological group we always mean a closed
subgroup. As usual, (g,h) = g~ 'h~!gh will stand for the commutator of g
and h. The n'" term of the lower central series of a group G will be denoted
by 1G.

Filtrations and Lie algebras of pro-p groups. By a filtration of a
profinite group G we mean a descending chain of open normal subgroups
G = Gy O G2 O ... which form a base of neighborhoods of identity. A
filtration is called central if [G;, G;] C Gy for all 4,j > 1. If in addition G
is pro-p and all quotients G;/Gj4+1 have exponent p, the filtration is called
p-central.

Now let {G,,} be a central filtration of a pro-p group G. The associated
graded Lie ring Lie(G) is defined as follows. As a graded abelian group,

oo

Lie(G) = @ L., where L, = G,,/Gn+1, and Lie bracket is defined by

n=1

[aGri1,b0Gmt1] = (a,b)Gppm+1. With each subgroup H of G we associate
a Lie subring Lieg(H) = @ (HNG,)Gpt+1/Gns1 C Lie(G). If the filtration

{G,} is p-central, Lie(G) becomes a Lie algebra over F,,.

For every g € G\{1} there exists a unique number n such that g €
G, \Gp+1. This number will be called the degree of g and denoted by deg (g).
The coset g G,,11 will be called the leading term of g and denoted by LT (g).
Note that if H is a subgroup of G, then {LT (h) | h € H} coincides with the
set of homogeneous elements of Lieg(H).

Hausdorff dimension. Let G be a profinite group with fixed filtration
{Gr}. One can define an invariant metric on G by setting d(z,y) = inf{|G :
Gn|™' | zy~! € G, } and use the associated Hausdorff dimension function
to measure the sizes of subgroups of GG. This concept was studied in detail
by Barnea and Shalev [BSh] who showed that the Hausdorff dimension of
a subgroup H of G coincides with its lower box (Minkowski) dimension
dim,H and is given by the following formula:

. .. Jdog|HG,, : Gy
Hd H=1 f———
e oo log |G : G|

The upper box dimension, which is given by the formula

— log | HG,, : G,
dimgH = lim sup W,



will also be considered.

Here are some basic properties of these dimension functions:

1) If H is open in G then dimgH = dim,H = 1.

2) Let K € H C G. Choose some filtration of G and consider the
induced filtrations on K and H. The associated dimension functions satisfy
the following inequalities:

@HK'MGH > @GK > @HK '@GH

(2.1)
dimy K - dimH < dimgK < dimyK - dimgH.
3) If G has subgroups {G;}}~; such that G = G1G> ... Gy, then
> dimgG; > 1. (2.2)

i=1
The following consequence of (2.1) and (2.2) will be one of our main tools .

Proposition 2.1. Let G be a pro-p group with fized filtration and let H be a
subgroup of G of positive Hausdorff dimension. If H = H1Hs ... H, (where
each H; is a subgroup), then dimgH; > 0 for some i.

The Nottingham group N = N (F,) can be defined as the group of auto-
morphisms of the ring F[[t]] which act trivially on (¢)/(¢?) or, equivalently,
as the group of automorphisms of the local field F,,((¢)) which act trivially on
the residue field (such automorphisms are called wild). A natural filtration
of NV consists of congruence subgroups {N,,} where N, = {f e N' | f(t) =t
mod t"F,[[t]]}. For a detailed account of the structure of A the reader is
referred to [Ca2]; some related concepts and properties will be introduced
throughout the paper as they are needed.

Definition. Let G be a subgroup of A/. The set of possible degrees of
elements of G (with respect to the congruence filtration of A/) will be called
the index set of G and denoted by Ind (G).

It is easy to see that the upper (lower) box dimension of a subgroup G of
N (with respect to the congruence filtration) is equal to the upper (lower)
density of its index set. More precisely, we have

T I 1,2,...
dimaG = lim sup card (Ind (G) N {1,2,...,n})

n—o00 n

dimy G = lim inf card (Ind (G) N {1,2,..., n})

n—oo n

!The same idea is used in the proof of [AV, Corollary 8.3]



3 Nottingham-small groups

For convenience we introduce the following definition.

Definition. a) A subgroup G of N/ will be called small, if G has upper box
dimension zero (with respect to the congruence filtration).

b) A pro-p group G will be called Nottingham-small (or N-small), if for
every embedding of G in N, the image of G is a small subgroup of N.

The goal of this section is to find sufficient conditions for a pro-p group
to be N-small.

The following theorem of Wintenberger [Win| implies that all abelian
pro-p groups are N -small.

Theorem 3.1 (Wintenberger). Let H be an abelian subgroup of N (Fp),
and let I be the index set of H. Let i1 < io < ... be the elements of I listed
in increasing order. Then in+1 =i, mod p" for each n € N.

In [Er] we used Wintenberger’s theorem to prove the following.

Theorem 3.2. Let H be an infinite subgroup of N'(F,). Then the centralizer
of H in N is small.

It follows immediately that every nilpotent group is AN-small. We conjec-
ture that every solvable group is N-small. The latter would be established
if one could show that the normalizer of an infinite abelian subgroup of N
is always small. We will address this problem in the special case of abelian
groups of exponent p which is sufficient for our purposes. In other words,
we will prove the following.

Proposition 3.3. Let A be a subgroup of N which is isomorphic to the
additive group of the ring F,[[t]]. Then the normalizer of A in N is small.

Remark. In what follows, the additive group of Fp[[t]] will be denoted by
F,*°. In fact, it is the unique infinite countably based abelian pro-p group
of exponent p.

The normalizers of abelian subgroups of exponent p are very easy to
study because we possess an exhaustive description of the centralizers of
elements of order p in A/. Here we state only basic facts which will be used
in the proof; for more details the reader is referred to [K] and [Er].

Let f € N be an element of order p. Consider N as the group of wild
automorphisms of a local field F' = F,((t)). Denote the fixed field of f by
K and the centralizer of f in A/ by C. It is easy to see that K = F,((t)).



Every element of C' leaves K invariant, and the induced automorphism of K
is always wild. Therefore, we obtain a homomorphism ¢ : C'— N. Clearly,
Kergs = (f) (in fact, the image of ¢ is an open subgroup of N, as shown
in [Er|, whence C' is commensurable to A'). Note that our definition of ¢
depends on the choice of an isomorphism between K and F,((t)). However,
@y is well defined up to conjugation.

Now given h € C, there exists a simple relation between the numbers
deg h and deg s (h):

degh if degh < degf

degtpf(h) = { deg f + degh—degf ;¢ deg h > deg f (3-1)

p

The proof of this formula is analogous to that of [dSF, Lemma 4.2].
Finally, we note that the index set of C is equal to {i € N | i = deg f
mod p} (see [BK, Proposition A.1]).

The proof of Proposition 3.3 will be based on the following lemma which
is similar to Wintenberger’s theorem.

Lemma 3.4. Let B be a subgroup of N isomorphic to F,® for some s < cc.
Let {j1 < ja < ... < js} be the index set of B. Let g be any element
of N such that d := deg(g) > js. Suppose that for any b € B we have
(b,g) € Npsq. Then d = js mod p®.

Proof. The case s = 1 is obvious. Indeed, choose any b € B\{1}. If d # j;
mod p, then by [Ca2, Proposition 1] we have deg (b,g) = degb + degg =
d+ j1 < pd, contrary to our assumption.

We proceed by induction on s. Choose an element b € B such that
deg (b) = j1. Let C be the centralizer of b in N, and let ¢, : C — N be an
associated homomorphism as described above.

First assume that g € C. Let B’ = ¢p(B) and let ¢’ = ¢p(g). We claim
that the pair (B, ¢’) satisfies the conditions of the Lemma. Since Ker ), =
(b), B’ has order p*~L. Tt follows from formula (3.1) that the largest element

Js —J1 d— 71

of Ind (B’) is equal to j; + which is less than degg’ = j1 + P

Now given i’ € B, let h be any element of ¢, '(h'). By our assumption
deg (g, h) > p°d, whence

) Sd— 7
deg (¢, h') = deg pp((g, h)) > ji + % >

d—3j _ . ) o
Iy 4 (= p ) — 1) > p* M deg g

P +



js_jl

By induction we have degg’ = ji + =—— mod p* !
p

, whence d = j
mod p°.

Now we treat the general case. Since b is an element of order p and
degb = j1, we know that the set Ind (C') consists of all integers n congruent
to j1 modulo p. Note also that all quotients N;/N;11 are cyclic of order p,
whence (CNN,)Nyt1 =N, for every n € Ind (C). It follows that g can be
written in the form cu where ¢ € C and degu # j; mod p.

Since (b,¢) = 1, we have (b,u) = (b,cu) = (b,g) € Npsq by assumption.
On the other hand, degu #, degb, whence deg(u,b) = j; + degu. We
conclude that degu > p°d — j1. We claim that the pair (B, c) satisfies the
conditions of the Lemma, and therefore we are reduced to the previous case.

Indeed, degu > d = deg g, whence degc = deg (gu~!) = d. For any h €
B, we have (h,g) = (h,cu) = (h,¢) mod Nyegh+degu- Now (h,g) € Npsq
by assumption. Finally, degh 4 degu > p°d — j1 + degh > p°d, whence
(h,¢) € Npsq. The proof is complete. O

Proof of Proposition 3.3. Let G be the normalizer of A in N. Set a,, =
log |G : Gy
log |V : Nl
positive integer s. From now on s will be fixed.

Let I = {i; < ia2 < i3...} be the index set of A. Define the integer-
valued function j(n) by j(n) = card{i € I | i < n}. It follows easily from
Theorem 3.1 that j(n) < C log,n for some constant C. Set m = is, and
choose a subgroup B of A whose index set is equal to {i1 < iy < -+ < is}.

Let n be any integer larger than m, and set Q(n) := A/A N Npsy,. This
is a finite abelian group of exponent p which can be thought of as a vector
space over IF,. Its dimension d,, does not exceed i(p°n) < C(log,n + s).
Now G acts by conjugation on both A and A N Npsp, hence also on Q(n).
Let K (n) be the kernel of this action. Clearly, we have

It will be enough to show that limsup a,, < 1/p® for every

log |G : K(n)| <log ,|GLq,(Fp)| < 02(logpn + 5)2.

On the other hand, if g is any element of K(n) whose degree d satisfies
the inequality m < d < n, then applying Lemma 3.4 to the pair (B, g), we
conclude that d = is mod p°. Now we can estimate the numbers {«a,, } from
above. We have

log ,|G : Gy1| +10g |G N K (n) : Gy N K(n)| +log |G : K(n)]
ay < .
log |V : Vo




The denominator of this fraction is equal to n — 1. In the numerator the
first term is independent of n, the third term is bounded from above by
C?(log ,n + s)?, and the second term does not exceed card {d € Ind K (n) |

m<d<n}< ";Sm + 1. Therefore, limsup a,, < 1/p®, and we are done. [

Now we are ready to explain how Theorem 1.1 follows from Theorem 4.1.

Proof of Theorem 1.1. It is enough to show that G does not satisfy either
condition in the conclusion of Theorem 4.1. Condition b) cannot hold for
G by Proposition 3.3. Proposition 2.1 and Theorem 3.2 imply that G does
not satisfy a). O

4 Linear pro-p groups

In this section we will prove the following.

Theorem 4.1. Let G be a finitely generated pro-p group which is linear over
a local field. Then G has a finite index subgroup H satisfying at LEAST one
of the following conditions:

a) H is a product of finitely many subgroups Hy, ..., Hy such that each
H; has infinite centralizer in H;

b) H has a normal subgroup isomorphic to the additive group of the ring

Fp[[t]]-
Our main tool is the famous theorem of Pink [P], which is stated below:

Theorem 4.2. Let G be a compact subgroup of GL,(E) where E is a local
field of characteristic p. Then there exist normal subgroups I's C I's C I'y
of G such that

G/T'y is finite;

I'1 /Ty is abelian of finite exponent;

there exists a local field F of characteristic p, a connected semisimple
adjoint algebraic group H,q over F with a universal cover m : H — H,q and
an open compact subgroup L of H(F') such that T's /T3 is isomorphic to w(L)
as a topological group;

T's is solvable.

Proof of Theorem 4.1. If G is linear in characteristic zero, it is p-adic
analytic. In this case G is a product of finitely many procyclic subgroups,
and the assertion of the Theorem is obvious. Thus we can assume that G is
a closed subgroup of GL,,(F) where E is a local field of characteristic p.

Let I'y, 'y and I's be as in Pink’s theorem. First we consider the case
when I's is infinite.



Case 1: T's is infinite.

By Lie-Kolchin-Maltsev theorem, I's has an open subgroup I'y which is tri-
angularizable over some finite extension E’ of E (which is also a local field).
Choose an open subgroup H of G such that R :=T'3 N H C I'y. Note that
Y2 R is unipotent. Moreover, we can assume that either R is abelian or y2R
is infinite (if yoR is finite, replace H by an open subgroup H; such that
HyN~vR = {1} and replace R by RN Hy). If 4R is infinite, let C' be
the last infinite term of the derived series of R. Once again replacing H by
an open subgroup we can assume that C is abelian. Now C' is unipotent,
whence has finite exponent. Therefore, C'(p) := {g € C' | g? = 1} is a closed
normal subgroup of H isomorphic to F,>.

Suppose now that R is abelian. Since R is a pro-p group, every torsion
element of R has order p* for some k and therefore is unipotent. If every
element of R is unipotent, we can argue as before. Otherwise, consider the
set C' = {g"" | g € R}. Since R is abelian, C is a subgroup; moreover, C' is
normal in H. It is easy to see that every element of C' is diagonalizable over
E’, whence we can assume that C lies inside D,,(E’), the diagonal subgroup
of GL,(E').

An easy computation shows that given ¢ € C and g € GL,(E’) with
nonzero diagonal entries, g commutes with ¢ whenever g~'cg € D, (E').
Obviously, H has a finite index subgroup whose elements have nonzero di-
agonal entries. Since H normalizes C', we conclude that H has a finite index
subgroup with infinite center.

Case 2: T's is finite.
Since G is finitely generated, I'y has finite index in G. We also know that
the kernel of the map 7 in Pink’s theorem is finite. Therefore, G has a
finite index subgroup H which is isomorphic to an open compact subgroup
of H(F') (where F' is a local field of characteristic p and H is a semisimple
simply-connected algebraic group over F).

We use [Sp]| as a reference for the theory of algebraic groups. Throughout
the proof we will identify an algebraic group defined over F' with the set of its
F-points (where F is the algebraic closure of F). We consider two subcases:

Subcase 1: H is isotropic (over F).

We start by choosing an F-embedding of H into G = GL,,. Since H is
isotropic, there exists an F-homomorphism A from the multiplicative group
of F' to H such that Im A is non-central in H. After conjugating by an element
of GL,(F) we may assume that there exist integers m; > mg > ... > m,
such that A(a) is the diagonal matrix with entries ™, a™2,... o™ for any



a€F.

Consider the following subgroups of G = GL,:

Ugt = {z € G | limg_o A(a)zA(a)™! = 1},

Ug™ = {z € G| limy—oA(a) " 'z\(a) = 1} and

Cg = Centg(Im \), the centralizer of Im A in G.

In fact, these subgroups can be described explicitly. In the simplest case
when all m; are distinct, Ug™ are the subgroups of strictly upper (lower)
triangular matrices, and Cg is the diagonal subgroup of GL,.

Now if K is any reductive F-subgroup of GL,, we set Ug™ = Ug* N
K, Cx = Cg N K. By [Sp, Theorem 13.4.2] Ux™ and Cg are connected
F-subgroups of K; Ck is reductive, Ug® are unipotent, and the product
morphism 7 : Ug~ x Cg x Uxt — K is a bijection onto a Zariski open
subset of K.

Let {G;} be the congruence filtration of G(F') = GL,(F) and let H; =
H N G;. If i is sufficiently large, H; C H since H is open in H(F'). We also
know that Im my is Zariski open in H, whence Hy C H N Im my for some k.
Thus for any h € Hj, there exist u~ € Uy, uT € Ug™ and ¢ € Cy such
that h = u~cu™. We claim that v~, c,u™ € Gj.

Indeed, as an element of G, h has a unique decomposition of the form
h = v~ tvT where v~ € Ug~, v € Ugt and t € Cg. But we already
have one such decomposition: h = v~ cu™. Therefore, vt = v, u= = v~
and ¢ = t. On the other hand, one can compute v™, v~ and t directly.
For simplicity assume that all integers {m;} are distinct. In this case we
must find a strictly lower triangular matrix v—, a diagonal matrix ¢t and a
strictly upper triangular matrix v* such that h = v~tv". This problem
can be solved by Gaussian elimination, and the inclusions v—,t,v" € G}
easily follow from the fact that the entries {h;;} of h satisfy the congruence
hi; = d;; mod m”, where m is the maximal ideal of the valuation ring of F.

Therefore, we have shown that

Hi = (Ug NGE)(Cygn Gk)(UH+ NGy)

Using the fact that the groups Uyt are connected and unipotent, it is
easy to show that their subgroups U™ NG}, have infinite centers. The group
Cm N G centralizes an infinite subgroup of Hy by construction. Therefore,
we managed to write Hy as a product of three subgroups with infinite cen-
tralizers.

Case 2: H is anisotropic.
Since H is simply connected, it is a direct product of finitely many almost
simple groups Hy, ..., Hy. Each H; is obtained by restriction of scalars from

10



an absolutely almost simple group B; defined and anisotropic over some
finite extension F; of F', and H;(F') = B;(F;) as a topological group. By the
classification of absolutely almost simple algebraic groups over local fields
(see [Ti]), B;(F;) is isomorphic to the group SLi(D;) of reduced norm 1
elements of a finite-dimensional division algebra D; over Fj.

For each i =1,...,k, set H; = H;(F) N H. Since H is anisotropic, H(F')
is compact. Therefore, H has finite index in H(F') = H;(F) x ... x Hy(F),
whence Hj X ... x Hy is a finite index subgroup of H. In the next section
we will use the structure of division algebras over local fields to show that
each H; is a product of finitely many abelian subgroups. (|

5 The group SL;(D)

Let D be a finite-dimensional central division algebra over a local field F' of
characteristic p. Our goal in this section is to prove the following

Proposition 5.1. Let H be a finite index pro-p subgroup of SL1(D). Then
H is a product of finitely many abelian subgroups.

Remark. In the terminology of [Ab], a group which is a product of finitely
many abelian subgroups is said to have finite abelian width. 2

We start by reviewing some basic facts about the structure of division
algebras over local fields (see [Ri] for more details). First of all, D is always
a cyclic algebra. More precisely, there exists an unramified extension W of
F of degree n = deg (D) and an element m € D such that

a) D=WaoeWroWnr?g. - -@Wa" ! as a left vector space over W;

b) mwr~! = o(w) for all w € W, where o is a generator of the Galois

group Gal (W/F);

c) 7 := 7" is a uniformizer of F, i.e. 7 is a generator of the maximal
ideal of the valuation ring of F'.

We denote by Op, Oy and Op the valuation rings of F';, W and D, and
by mg, myy, mp the corresponding maximal ideals. Note that mp = 7Op,
mp = 70fr and myy = 7Ow. Let kg and Ky be the residue fields of ' and
W. Since W/F is unramified, the natural map Gal (W/F) — Gal (kw/kF)
is an isomorphism. Thus Gal (kw /kF) is generated by the element & defined
by &(w + my) == o(w) + my = Twr L + myy.

2] am extremely grateful to Laci Pyber who pointed out the relevance of such factor-
izations to linearity questions
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The reduced norm map from D to F' will be denoted by N,.q. Recall
that if @ € D, then Nyeq (a) is the determinant of the endomorphism of the
left W-vector space D given by d — da.

Let U ={x € D* |z =1 mod mp} and let G = U N SLi(D), where
SLy(D) is the group of elements of D of reduced norm one. The groups
U and G have natural congruence filtrations {U;} and {G;}, respectively,
where U; = {z € U | =1 mod m%,} and G; = GNU;. It is clear that U
is an open pro-p subgroup of D* and G is a finite index pro-p subgroup of
SLy(D) (since SLi(D) is compact). In what follows, Lie(U) and Lie(G) will
denote the Lie algebras of U and G with respect to the above filtrations.
Obviously, Lie(G) can be identified with the subalgebra Liey(G) of Lie(U).

o
The additive group of the Lie algebra Lie(U) is isomorphic to @ sy t*
i=1
such that LT (1 4+ wn?) = (w + my )t for all i > 1 and all w € Oy \myy .
The Lie bracket is now given by the following simple formula:

ML ut?] = (Aa¥ () — pa? (M)t where & is as above.

oo .

The subalgebra Liey (G) has the form @ M;, where M; = kyt* if nti, and
i=1

M; = {\t' | tr (\) = 0} if n | i (here tr is the trace of the extension ky /kp).

Proof of Proposition 5.1. Clearly, it is sufficient to show that some open
subgroup of H has finite abelian width. Thus we can assume that H is one
of the congruence subgroups {G;}. To keep notation simple we will present
the proof in the case H = G = G1; the reader is assured that the same
argument works in the general case (alternatively, one could show that the
property of having finite abelian width is a commensurability invariant).

The first step of the proof is to construct a ”large” abelian subgroup
of G. Let A be the group generated by the set {o(w)w™! | w € W*NU}
(recall that o(w) = mwr~1). Since o € Gal (W/F), A C W*NU, whence A
is abelian. Moreover, A C G since Nieq (0(w)w ™) = Npoq (rwrtw ™) =1
for every w € W*. We claim that the Lie algebra Liey(A) = Lieg(A)
contains every homogeneous element of Lie(G) whose degree is a multiple
of n. Indeed, any such element is of the form At™, where A € ky and
tr (A) = 0. The last condition implies that there exists a € ky such that
A = a — &(a). Choose a € W such that a = a + my and let w = 1 + an™.
Clearly, LT (w) = at™ and LT (o(w)) = LT (1 +0(a)m™) = &(a)t™, whence
LT (o(w)w™!) = LT (o(w)) — LT (w) = A\t™.

To prove that G has finite abelian width we use the following criterion
which will be established in Appendix.

12



Lemma 5.2. Let G be a pro-p group. Let {G,} be a p-central filtration of
G, and denote by Lie(G) the associated Lie algebra. Assume we are given

a) an abelian subgroup A of G,

b) a finite subset S of G,

c¢) an integer N such that

any homogeneous element of Lie(G) of degree n > N either lies in
Lieg(A) or has the form LT ((a, s)) for some s € S and a € A.

Then the product of finitely many conjugates of A contains Gy . There-
fore, G has finite abelian width.

We resume the proof of Proposition 5.1. First assume that either n > 2
or p > 2. Let S be any subset of G such that the set V = {LT (s) | s € S}
consists of all homogeneous elements of Liey (G) = Lie(G) of degree at most
n — 1. Now pick an integer £k > n and let u € Lie(G) be a homogeneous
element of degree k. We already know that u € Lieg(A) if n | k. We claim
that if n { k, then u lies in the set B := {[a,v] | a € Lieg(A),v € V'}. This
will finish the proof by Lemma 5.2, since any element of B has the form
LT ((g,s)) for some s € S and g € A.

Write k£ in the form ni + j where 1 < 5 < n — 1. Since p > 2 or
n > 2, the field extension ky/kp can be generated by an element 7 of
trace zero (see [Ri, Lemma 4]). Since nt" € Lieg(A), for any v € ky we
have B 3 [nt™,vtl] = (ng™(v) — &7 (n)v)t" = (n — a7 (n))vt™*+I. Now
n # &7 (n) since j < n = [ky : kp]. Therefore, B > ut® for any u € kyy.

Now we treat the case n = p = 2. By Artin-Schreier theory, there exists
x € W such that o(z) =  + 1. Recall that 7 = 72 is a uniformizer of Op.
Given k > 1, let g = (1+7%(2+1))(14+7% 2)~! € A. Choose a finite subset R
of Oy \myy such that R+my = Oy and let S = {1+r7i7 |r € R,i=0,1}.
We claim that the set B := {LT ((gx,s)) | ¥ € N,s € S} contains all
homogeneous elements of Lie(G) of odd degree d > 5 (elements of Lie(G) of
even degree lie in Lieg(A) as before).

Fix r € R, i,k € N, and let us compute the group commutator of the
elements h,; == 1+ rr'm and gy. Let w = g — 1 and v = r7*. We have

(hr,i7gk) = (1 + vﬂ-)_l(l + w)_l(]. + U7T)(1 + ’w) =
L+ bt (omw —wom) = 14k lget - v(o(w) — w),

Tk
Now w = ———, whence
1+7Fx

Tk Tk -2k

:1+Tkx_1+7k(x+1) (1+7k2)(1+7F(x+ 1))

o(w) —w
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It is clear now that
LT (R, gi)) = LT (1 4+ 7772k 1) = 7244 where 7 = 7 + myy.

Since every odd integer d > 5 is of the form 4k 4 2i + 1 with ¢ =0 or 1, we
are done. g

6 Appendix

Proof of Lemma 5.2. Let s1, ..., s be the elements of S listed on some order.
Fori=1,...,lset A; = si_lAsi.

Claim 6.1. For every g € G of degree at least N and any n > 1 there exist
elements a1 = ai(g,n),...,ap = a;(g,n),by = bi(g,n),...,by = by(g,n) and
r =r(g,n) such that g = byajbsas ... byayr, a; € A;, by € A fori=1,...,1,
and r € Gpy1.

Proof. Fix g € G with degg > N. We will prove the assertion by induction
on n. If n < N, the claim is obvious (just set a; = b; = 1 for all i and r = g).

Now let n be arbitrary and suppose we constructed elements a; =
ai(g,m—1),...,a; = ai(g,m — 1),b1 = bi(g,n —1),...,b; = bi(g,n — 1),
and r = r(g,n — 1) satisfying the required conditions. If r € G4, there
is nothing to prove. Otherwise, let w = LT (r). By assumption, either
w € Lieg(A) or w = LT ((a, s;)) for some a € A and ¢ < I. We treat the
second case, the first one being even easier. There exists ;1 € Gn41 such
that r = a‘ls;lasirl. Let ¢ = blal...bi_lai_lbi(rrl_l)ai...blal. Since
g = braiboas ... bjair and r € G, it is clear that ¢ = ¢ mod G, +1. On the

other hand, ¢ can written as follows: ¢ = bja} ... bja}, where b, = b;, a; = a;
for j # i; b, = bia™', a} = s;asia;. Clearly, a; € Aj and b € A for
j=1,...,1. The proof is complete. O

It is now easy to finish the proof of Lemma 5.2. Apply the above claim
with ¢ € Gy fixed and n — oo. Since G is compact, there exists a se-
quence of integers ny < ng < ... such that a; := limg_ o a;(g,ng) and
b; = limy_oo bi(g,nk) exist for every i. Clearly, a; € A;,b; € A, whence
Gy C AA1AA, ... AA;. Hence G is a product of 2] abelian subgroups and
finitely many cyclic subgroups (generated by representatives of the cosets of
G/Gn). O
Acknowledgements. I would like to thank Miklos Abert and Balint Vi-
rag for sending me their preprint [AV] and Laci Pyber for very interesting
conversations.
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