
Homework #8. Due Thursday, November 4th

1. Let d ≥ 2, let p be a prime and G = SL1
d(Fp[t]), the first congruence

subgroup of SLd(Fp[t]). For each n ≥ 1 let

Gn = SLn
d(Fp[t]) = {A ∈ SLd(Fp[t]) : A ≡ I mod tn}.

(a) Prove that {Gn} is a central series of G.

(b) Let L(G) = ⊕∞n=1Gn/Gn+1 be the associated Lie ring. Prove that L(G)

is isomorphic to sld(tFp[t]) = ⊕∞n=1t
nsld(Fp) as a graded Lie ring.

Hint for (b): Let Ln(G) = Gn/Gn+1. Let gld(Fp) be the set of all d ×
d matrices over Fp considered as a Lie ring. First, as discussed in class,

for each n ∈ N define a map ιn : Ln(G) → gld(Fp) and show that it is

an injective homomorphism of abelian groups. Then use the maps {ιn}n∈N

to define a grading-preserving injective homomorphism of abelian groups

ι : L(G) → gld(tFp[t]) and show that ι respects the Lie bracket. Finally

prove that Im ι = sld(tFp[t]) (equivalently, Im ιn = sld(Fp) for each n). The

inclusion Im ιn ⊆ sld(Fp) follows form the fact that all elements of G have

determinant 1. To prove the opposite inclusion show that Im ι contains a

subset which generates sld(tFp[t]) as a Lie ring.

2. Let R be a commutative ring with 1, G a group, and for n ∈ N let

DnG = Dn(G,R) be the nth dimension subgroup of G.

(a) Prove that {DnG} is a central filtration of G (Theorem 16.2(a)).

(b) (corrected) Assume that charR = 0. In class we proved that if G is a

finitely generated free group, then DnG = γnG for all n. Extend this

result to free groups of any rank.

3. Definition:

(i) A Lie (resp. associative) ring L is called residually finite if for any

nonzero u ∈ L there is a finite Lie (resp. associative) ring M and a Lie

(resp. associative) ring homomorphism f : L→M such that f(u) 6= 0.

(ii) A Lie (resp. associative) ring L is called hopfian if any Lie (resp.

associative) ring epimporphism from L to L must be an isomorphism.
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(a) Let X be a set and FAZ(X) the free associative ring on X (that is,

FAZ(X) is the ring of associative polynomials in X with coefficients in

Z). Prove that FAZ(X) is residually finite.

(b) Let A be a residually finite associative ring. Prove that A conisdered

as a Lie ring (with bracket [a, b] = ab− ba) is also residually finite.

(c) Let X be a set and FLZ(X) the free Lie ring on X. Use (a), (b) and

Theorem 15.2 to prove that FLZ(X) is residually finite.

(d) Let L be a Lie or associative ring which is finitely generated and resid-

ually finite. Prove that L is hopfian. Hint: use the same approach as

for groups.

(e) Now let X be a finite set and d = |X|. Prove that if L is any Lie

ring generated by d elements u1, . . . , ud and π : L → FLZ(X) is an

epimorphism, then π is an isomorphism and L is free on {u1, . . . , ud}.
Prove the same for associative rings.

4. Let X = {x1, . . . , xd} be a finite set, F = F (X) the free group on X, R

a commutative ring with 1, A = 〈〈u1, . . . , ud〉〉 and µ : F → A∗ the Magnus

representation. Prove that µ is injective.

Hint: For each n ∈ N let In be the ideal of A generated by un
1 , . . . , u

n
d .

Then for any n ∈ N the image of any f ∈ F under the composition map

µn : F → A∗ → (A/In)∗ is a polynomial in u1, . . . , ud (that is, you no longer

need infinite sums). Compute the largest degree term of that polynomial

and conclude that for any 1 6= f ∈ F there exists n = n(f) ∈ N such that

µn(f) 6= 1.
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