
Homework #6. Due Thursday, October 14th

1. Let G be a group.

(a) Prove that the following commutator identities hold for any x, y, z ∈ G:

(i) [xy, z] = [x, z]y[y, z] = [x, z][x, z, y][y, z].

(ii) [x, yz] = [x, z][x, y]z = [x, z][x, y][x, y, z].

(iii) [[x, y], zx][[z, x], yz][[y, z], xy] = 1

Identity (iii) is called the Hall-Witt identity.

(b) Prove that if A,B and C are normal subgroups of G, then [A,B,C] ⊆
[B,C,A][C,A,B] (where all commutators are left-normed).

(c) Recall that the lower central series {γiG} of G is defined by γ1G = G and

γiG = [γi−1G,G] for i ≥ 2. Prove that

[γiG, γjG] ⊆ γi+jG for all i, j ∈ N.

(d) Now assume that G is finitely generated. Prove that for any i, j ∈ N the

commutator map γiG × γjG → γi+jG induces a bilinear map γiG/γi+1G ×
γjG/γj+1G → γi+jG/γi+j+1G. Deduce that for all i ∈ N the quotient

γiG/γi+1G is finitely generated.

2. (a) Let G be a finitely generated nilpotent group. Prove that G is poly-

cyclic and therefore every subgroup of G is finitely generated.

(b) Let G be a group. Let G = G1 ⊇ G2 ⊇ . . . be a central series of G, that

is, [Gi, Gj] ⊆ Gi+j for all i, j ∈ N. Prove that γiG ⊆ Gi for all i. Now use

(a) to prove that if G is finitely generated, then Gi/Gi+1 is finitely generated

for all i.

3. Let G be a finitely generated group.

(a) Let S and S ′ be two finite generating sets of G. Prove that the growth

functions bG,S(n) and bG,S′(n) are equivalent.

(b) Let H be a subgroup of G. Prove that bH(n) 4 bG(n). Deduce that if G

contains a non-abelian free subgroup, then G has exponential growth.

(c) Prove if H is a finite index subgroup of G, then bH(n) ∼ bG(n).
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4. (a) Let G be the Heisenberg group H(Z). Complete the proof of the fact

that H(Z) has polynomial growth of degree 4.

(b) Let G be the group of upper-unitriangular 4× 4 matrices over Z. Prove

that G has polynomial growth of degree 10.
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