
Homework Assignment # 11.
Plan for the next week: Dimension theory of affine varieties (continued)
and integral extensions. Good references on commutative algebra and alge-
braic geometry freely available online are notes by J. Milne

http://www.jmilne.org/math/xnotes/CA.pdf
and

http://www.jmilne.org/math/CourseNotes/AG.pdf

Problems, to be submitted by Thu, April 26th.

Note: Bonus problems should not be discussed with other people, can be
submitted separately any time before the final exam on May 5th, and will be
counted towards your final exam score (the exact weights will be determined
later).

Problem 1: Complete the proof of Lemma 24.2: if k is an algebraically
closed field, n ≥ 1 an integer and f ∈ k[x1, . . . , xn] a non-constant poly-
nomial, then dim(Z(f)) = n − 1. Recall that the following remains to be
done:

(i) Show that if f is irreducible and E is the field of fractions of k[x1, . . . , xn]/(f),
then E has transcendence degree n− 1.

(ii) Assuming that the statement of the problem holds for irreducible f ,
prove it in the general case.

Problem 2: Let k be an algebraically closed field. Prove that any nonzero
prime ideal of k[x, y] is equal to (f) for some irreducible f ∈ k[x, y] or
(x− a, y − b) for some a, b ∈ k. Hint: Reformulate the problem in terms of
algebraic sets. You may use Proposition 2.26 from Milne’s algebraic geometry
notes.

In Problems 3 and 4 we identify the set Matn(k) of n × n matrices over a
field k with kn2

and thus can talk about Zariski topology on Matn(k).

Problem 3: Let k be an infinite field.

(a) Prove that SLn(k) = {A ∈ Matn(k) : det(A) = 1} is Zariski closed
(that is, closed in Zariski topology) and find its dimension.

(b) Fix 1 ≤ d ≤ n, and let Rd(n, k) be the set of all matrices in Matn(k)
which have rank ≤ d. Prove that Rd(n, k) is Zariski closed, guess its
dimension and give a heuristic argument.
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(c) (BONUS) Now prove your guess for dimRd(n, k). You may want to use
the following result: if a field extension E/k is generated by a set X,
then some subset of X is a transcendence basis. (We did not explicitly
prove this in class, but the argument we used to prove the existence of
a transcendence basis carries over without any changes).

Problem 4: Let k be an arbitrary field. If Y is a subset of kn, we will
denote by Y the Zariski closure of Y , that is, the closure of Y in the Zariski
topology.

(a) Prove that Y = Z(I(Y )) for any Y ⊆ kn.

(b) Let A be a commutative subset of Matn(k), that is, ab = ba for all
a, b ∈ A. Prove that A is also commutative. Hint: First show that
for any a ∈Matn(k), the centralizer of a in Matn(k) is Zariski closed.
Then show that ab = ba for all a ∈ A and b ∈ A and finally deduce the
assertion of the problem.

Problem 5: In this problem k is an infinite field. Let Y be a subset of kn.
Recall that in the notations from class K[Y ] = k[x1, . . . , xn]/I(Y ) is the set
of polynomial functions from Y to k. Let O(Y ) be the set of all everywhere
defined rational functions on Y , that is, all functions f : Y → k f for which
there exist polynomials p, q ∈ k[x1, . . . , xn] s.t. q does not vanish at any point
of Y and f = p/q as a function on Y . Clearly, K[Y ] ⊆ O(Y ).

(a) Prove that if Y is an algebraic set, then O(Y ) = K[Y ]. Hint: Use
weak Nullstellensatz.

(b) Let Y = k1\{0}, the affine line with 0 removed. Prove that K[Y ] = k[x]
(polynomials in one variable) while O(Y ) = k[x, 1/x].

(c) Find an algebraic subset Z of k2 such that k[Z] ∼= k[x, 1/x]. How is Z
related to Y ? (No formal answer is expected).

(d) Find a non-algebraic subset W of k2 for which O(W ) = k[W ] ∼=
k[x1, x2].

Problem 6: (practice) DF, Problem 18 on pp. 530–531.

Problem 7: Before doing this Problem read (carefully) the Theorem and
the subsequent example on pp. 647–648 of DF. Let p be a prime, F = Fp,
the finite field of order p, and K = F (t), the field of rational functions over F
in one variable t. Let G = Aut(K) = Aut(K/F ). As explained on page 647
of DF, G is precisely the group of fractional linear transformations t 7→ at+b

ct+d
,

with a, b, c, d ∈ F and ad− bc 6= 0 and therefore isomorphic to PGL2(F ).
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(a) Let H be the cyclic subgroup of G generated by the map t 7→ t + 1
and L = KH , the fixed field of H. Find u ∈ L such that L = F (u).
Initially your u may be expressed using sums and/or products, but the
final answer should be in “closed form”.

(b) (BONUS) Now let M = KG. Find v ∈ M such that M = F (v). Note
that for p = 2, (one possible such) v is given on page 648 of DF, but
without any explanation of where it came from. If you realize what
the formula for that v really means, you should be able to find the
corresponding v for arbitrary p.

(c) (BONUS) Now find v satisfying (b) without any “guessing”. It is prob-
ably difficult to put your v in a closed form, but you can describe it in
terms of sums and products. It is fairly easy to ensure that v ∈M ; the
trickier part is to show that M = F (v) without having v in a closed
form.

Problem 8: (practice) Let F be a field of characteristic not equal to 2, and
let

K = F (x,
√
x3 − x) = F (x)[y]/(y2 − (x3 − x)).

Prove that the field extension K/F cannot be generated by one element.
Hint: Let x̄ and ȳ be the images of x and y in K, respectively. Show that
[K : F (x̄)] = 3 and [K : F (ȳ)] = 2. Now suppose that L = F (t) for some
t (of course, t must be transcendental, so we can think of L as the field of
rational functions in the formal variable t). Then we must have x̄ = a(t)

b(t)
and

ȳ = c(t)
d(t)

for some polynomials a(t), b(t), c(t) and d(t) such that(
c(t)

d(t)

)2

=

(
a(t)

b(t)

)3

− a(t)

b(t)
. (∗ ∗ ∗)

Use Problem 6 to get restrictions on the degrees of a, b, c, d and then show
that (***) has no solutions satisfying those restrictions.
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