
Homework #9

Plan for next week: Basic properties of modules (10.1-10.3). Start

tensor products of modules (10.4). See also Lectures 1-3 at

http://people.virginia.edu/~mve2x/7752_Spring2010/

Problems, to be submitted by 11:59pm on Sat, November 14th

1.

(a) Classify all abelian groups of order 360 = 23 · 32 · 5 up to iso-

morphism. For each isomorphism type, state the corresponding

elementary divisors form and invariant factors form.

(b) Let n ∈ N, and decompose n as a product of primes: n =

pα1
1 . . . pαk

k . Find (with justification) the number of non-isomorphic

abelian groups of order n. Express your answer in terms of the

partition function P (where P (n) is the number of partitions of

n).

2. Let G be a finite abelian group. Prove that G is cyclic if and only if

G does not contain a subgroup isomorphic to B⊕B for some non-trivial

group B.

3.

Let G be an abelian group (not necessarily finitely generated), and let

Tor(G) be the set of elements of finite order in G.

(a) Prove that Tor(G) is a subgroup. It is called the torsion sub-

group of G.

(b) Prove that the quotient group G/Tor(G) is torsion-free, that

is, G/Tor(G) has no elements of finite order apart from the

identity element.

(b) For each prime p let Torp(G) be the set of elements of order pk

(with k ≥ 0) in G. Prove that each Torp(G) is a subgroup of

Tor(G) and that Tor(G) =
⊕

p Torp(G) where p ranges over all

primes.

Note: Recall that the definition of internal direct sum (of a potentially

infinite collection of subgroups) was given at the end of Lecture 19. In

the case of abelian groups written additively, this definition can be

rephrased as follows:

Let {Ai}i∈I be a family of subgroups of A. Then A =
⊕

i∈I Ai if
1
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(1) A = 〈Ai : i ∈ I〉, that is (since A is abelian), every a ∈ A can

be written as a finite sum a = a1 + . . .+ am where each ak lies

in Aik for some ik ∈ I
(2) for each i ∈ I the intersection Ai ∩ 〈Aj : j 6= i〉 is trivial.

Since every element of 〈Aj : j 6= i〉 if a finite sum of elements

of
⋃
j 6=iAj, this is the same as requiring that for any distinct

indices i, j1, . . . , jm ∈ I the intersection Ai ∩ 〈Aj1 , . . . , Ajm〉 is

trivial.

4. Let X be a set. As in Lecture 21, define FA(X) to be the group

of all formal linear combinations
∑
x∈X

λxx where each λx ∈ Z and only

finitely many λx are nonzero. Let F (X)ab = F (X)/[F (X), F (X)] be

the abelianization of F (X), the free group on X.

In Lecture 22 we proved that F (X)ab ∼= FA(X) by showing that both

F (X)ab and FA(X) are free objects on X in the category of abelian

groups (and using the uniqueness of a free object up to isomorphism).

Give another proof of the isomorphism F (X)ab ∼= FA(X) by construct-

ing homomorphisms in both directions and showing that they are mu-

tually inverse.

5. Let p and q be primes with p < q and q ≡ 1 mod p, and let G be

a non-abelian group or order pq. Recall that such G is unique up to

isomorphism. Prove that G has a presentation

〈x, y | xp = 1, yq = 1, xyx−1 = ya〉

where a is coprime to q and the order of [a]q in Z×q is equal to p.


