Homework #10.

Plan for next week: Affine algebraic sets and Nullstellensatz (DF,
Chapter 15). For the material of the lecture on Nov 19 see

http://people.virginia.edu/~mve2x/7751_Fall2009/1lecture29.pdf
Problems, to be submitted by Friday, Nov 22, by 1pm

Before solving problems 1 and 2 read the online lecture on irreducibility
criteria

http://people.virginia.edu/~mve2x/7751_Fall2011/lecture23.pdf

1. Let F be a field, take f(x,y) € Flz,y|, and write f(x,y) =
oo ci(y)at where ¢;(y) € Fly]. Suppose that

(i) There exists a € F' such that ¢,(«) # 0
(i) ged(co(y),c1(y), -, caly)) = 1 in Fly]
(iii) f(x, ) is an irreducible element of F[z]| (where f(z,«) is the
polynomial obtained from f(z,y) be substituting « for y).

Prove that f(x,y) is irreducible in F[z,y].

2. Prove that the following polynomials are irreducible:

(a) fz,y) =y> + 2%y* + 23y + 2* + = in Q[z, y]
(b) f(z,y) =xy?> + 2%y + 22y + . +y + 1 in Q[x, 1]
(c) f(z) =2° — 32® + 152 — 7 in Q[z]

(a

Hint: For (a) and (b) — think of Q[z,y] as (Q[z])[y], the ring of poly-
nomials in one variable y over R = Q[z], or as (Q[y])[z]. For (c):
By Gauss Lemma, it is enough to prove irreducibility of f(x) in Z[z].
Consider the reduction map u(z) — u(x) from Z[x] to Zs[z], consider
possible factorizations of f(x) and show that none of them can be lifted
to a factorization of f(xz) (the general idea is similar to the proof of the
Eisenstein criterion).

3.

(a) Let p be a prime. Use direct counting argument to find the
number of monic irreducible polynomials of degree n in F,[z]
for n = 2, 3,4 and check that your answer matches the general
formula derived in the online supplement

http://people.virginia.edu/~mve2x/7751_Fall2011/irreducible.pdf
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Hint: The number of irreducible monic polynomials of de-
gree n equals the total number of monic polynomials of de-
gree n minus the number of reducible monic polynomials of de-
gree n; the latter can be computed considering possible factor-
izations into irreducibles (assuming the number of irreducible
monic polynomials of degree m for m < n has already been
computed).

(b) Find a monic irreducible polynomial of degree 4 in Fy[z|. Then
use it to construct a field F' with |F| = 16 and find explicitly
a generator of the multiplicative group F*

4. Let R be a commutative Noetherian ring with 1. Prove that the
ring R[[x]] of power series over R is also Noetherian. Hint: As you
may expect, this can be proved similarly to the Hilbert basis theorem
(HBT) except that you have to consider the lowest degree terms, not
the highest degree terms (which may not exist). In fact, the first part
of the proof is even easier than in HBT, but you will need some kind
of limit argument at the end.

5. Give an example of a domain R (other than a field or the zero ring)
which has no irreducible elements. Hint: Start with the ring of power
series R = F[[z]] where F' is a field. Then up to associates x is the
only irreducible element of R. Construct a larger ring R1 O R s.t. z is
reducible in Ry, but Ry = F|[z]]. Then iterating the process construct
an infinite ascending chain R C Ry C Ry C ... and consider its union.



