Homework #10. Due Wednesday, April 17th
Reading:
1. For this homework assignment: Chapter 10, Sections 10.1-10.3 + this
week’s class notes

2. For the next two classes: Pell’s equation and continued fractions (see
Problem 1 below)

Problems:

1. Read about Pell’s equation and continued fractions at
http://www.math.ubc.ca/~gor/pell.pdf
The material is presented there as a collection of exercises. We will work
through some of those in class next week, and some others will be included
in Homework #11, but I encourage you to try a few of these exercises before
the next class to get a feel for the subject. A more detailed exposition to
this topic (including proofs of many key results) is available at
http://math.stanford.edu/~jbooher/expos/continued_fractions.pdf
2. Recall that for a prime p and a nonzero integer n, by ord,(n) we denote
the largest power of p which divides n. Assume now that p is a prime of the
form 4k + 3

(a) Prove that if p t a or p b, then p { (a® + b*). Hint: Use Legendre
symbols.

(b) Use (a) to prove that ord,(a® + b?) is even for any a,b € Z with a # 0
or b # 0.

3. Let w be a complex number such that w € Z and w? = nyw + ny for
some nq,ny € Z. For instance, if d is a positive integer which is not a perfect
square, we can take w = v/d or w = iv/d. Define

Zwl={a+bw:a,beZ} and Qw]={a+bw:a,bec Q}.
(a) Prove that Z[w] is a commutative ring with 1 and that Q[w] is a field.

For the remaining parts of this problem assume that w = v/d or w = iv/d for
some d as above.


http://www.math.ubc.ca/~gor/pell.pdf
http://math.stanford.edu/~jbooher/expos/continued_fractions.pdf

(b) Define the conjugation map ¢ : Qw| — Q[w] by t(a + bw) = a — bw
Prove that ¢ is a ring isomorphism.

(c) Prove that u-¢(u) € R for any u € Qw].

(d) Define the norm map N : Q[w] — R>g by N(u) = |u - ¢(u)|. Prove that
N(uv) = N(u)N(v).

(e) Prove that N(u) € Z for any u € Z[w] and N(u) =0 <= u = 0.

(f) Let u € Z[w]. Prove that N(u) =1 <= wu is a unit of Z[w].

4. Prove that Z[i1/2] is a Euclidean domain.
D.

(a) Determine which primes are representable in the form a? + 2b* with
a,b € Z. Hint: test all primes up to, say, 30, to make a conjecture
and then prove the conjecture using an approach similar to the one we
used for Gaussian integers.

(b) (bonus) Describe all integers representable as a® + 2b* with a,b € Z.

6. Let R = Z[v/5]. Find an element of R which is irreducible but not prime
and prove your assertion. Note: This is similar to, but a bit trickier, than

the corresponding example from class.
7. Exercise 10.10 from the book.



