
Homework #7. Due Thursday, October 30th, in class

Reading:

1. For this homework assignment: 4.5-4.7, 7.2-7.5 + class notes (Lectures

12-16)

2. For next week’s classes: Section 7.6 (equicontinuous families of func-

tions). I plan to follow Rudin quite closely in this section.

Note: In some problems you may want to use the following stronger

version of Theorem 14.1 from class: Let X be a metric space, and fix a ∈ X.

Let {fn}n∈N, f be functions from X to R, and suppose that fn⇒f and each

fn is continuous at a. Then f is also continuous at a.

(In class we showed that global continuity of each fn implies global con-

tinuity of f , but we did not explicitly state that continuity of each fn at a

single point a forces f to be continuous at the same point; however, the proof

given in class actually establishes the above stronger form of Theorem 14.1).

Problems:

1. Consider functions fn : R≥0 → R given by fn(x) = 1
nx+1 . Let 0 ≤ a ≤ b

be real numbers. Prove that {fn} converges uniformly on [a, b] ⇐⇒ a > 0

or a = b = 0.

2. Let X be a set and {fn}, f functions from X to R. Suppose that fn⇒f

on X, f is bounded on X (that is, there exists M ∈ R such that |f(x)| ≤M
for all x ∈ X) and also that each fn is bounded. Prove that the sequence

{fn} is uniformly bounded (see Def. 7.19 in Rudin). Hint: it may be useful

to draw a picture.

3. Let X be a metric space and {fn}, f functions from X to R. Suppose

that fn⇒f on X and each fn is uniformly continuous. Prove that f is

uniformly continuous. Hint: Imitate the proof of Theorem 14.1.

4. For each α ∈ R define the function Iα : R→ R by

Iα(x) =

{
0 if x < α
1 if x ≥ α

Now let S = {s1, s2, . . .} be a countable infinite subset of R, and define

f : R → R by f(x) =
∑∞

n=1
Isn (x)
2n . Prove that this series always converges

(so that f is indeed defined on R), f is increasing, and f is continuous at x

⇐⇒ x 6∈ S. Hint: Use Weierstrass M-test.

5. Let f : [a, b] → R be an increasing function. Prove that the following

are equivalent:
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(i) f is continuous (on [a, b])

(ii) f([a, b]) = [f(a), f(b)]

(iii) f([a, b]) is dense in [f(a), f(b)]

Hint: It is easy to show that (i)⇒ (ii)⇒ (iii). To prove that (iii)⇒(i) use

the results about discontinuities of increasing functions proved in class.

6. Give a short proof of Theorem 7.17 from Rudin under the additional

assumption that each f ′n is continuous (naturally, you should not be repeat-

ing or imitating the proof in the general case given in Rudin). Hint: in

the notations of Theorem 7.17, if we set g(x) = limn→∞ f
′
n(x), then g is

a uniform limit of continuous functions, hence g is also continuous (Theo-

rem 14.1). Now define f : [a, b]→ R by f(x) =
x∫
x0

g(t) dt+ C for suitable C

and prove that fn⇒f using the Fundamental Theorem of Calculus (recall

that
d∫
c
g(t) dt in the case c > d is defined as −

c∫
d

g(t) dt).

7. Let X be a any set.

(a) Let B(X) be the set of all bounded functions f : X → R. Define the

map d : B(X)×B(X)→ R≥0 by

d(f, g) = sup
x∈X
|f(x)− g(x)|.

Prove that d is a metric on B(X) which satisfies the following prop-

erty: given fn, f ∈ B(X), we have fn⇒f (on X) ⇐⇒ d(fn, f)→ 0

as n → ∞. Equivalently, fn⇒f (on X) ⇐⇒ fn → f in the met-

ric space (B(X), d). (This was stated but not proved at the end of

Lecture 15).

(b) (optional) The goal of this part is to establish the analog of (a) with

B(X) replaced by Func(X,R), the set of all functions from X → R.

Let Ω = Func(X,R), and define D : Ω× Ω→ R≥0 by

D(f, g) = min{sup
x∈X
|f(x)− g(x)|, 1}.

Prove that D is a metric on Ω such that given {fn}, f ∈ Ω, we have

fn⇒f on X ⇐⇒ fn → f in the metric space (Ω, D).


