Homework #7. Due Thursday, October 19th
Reading:
1. For this homework assignment: Ben Webster’s notes: lecture 20, class
notes (Lectures 14 and 15) and Steinberg, second half of 4.1.

2. In the next two weeks we will talk about characters of groups (Ben Web-
ster’s Lectures 18,19 and 21) and Steinberg 4.2, 4.3 and 4.4. Note that the
exposition in Ben Webster’s notes is quite different from Steinberg’s book.
My presentation in class will be much closer to Ben Webster’s notes, but
some steps in the proof of orthogonality relations for characters (planned for
the week Oct 23-27) will be done differently.

Problems:
0. (practice) Prove that [S,,S,] = A, for every n > 2 (where A, is the
alternating group).
1. In all parts of this problem include ALL relevant computations. Also read
a note on pages 4-5 before starting this problem.
Let G = Dy, be the dihedral group of order 2n. Recall that G has a presen-
tation G = (r,s |r" = 1,82 =1,srs =r71).

(a) Let w € C be an n'® root of unity (that is, w™ = 1). Prove that G has
a representation p, : G — GLo(C) such that p(r) = (w 01> and

s 0
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(b) Prove that the representation p, in part (a) is irreducible if and only
if w £ +1.

(c) Let w; and wy be n'™ roots of unity different from +1. Prove that
Py = pu, (as representations of G) if and only if wy = w; or wy = w; .

(d) Since we can think of isometries of a regular 2n-gon as invertible lin-
ear operators on R?, we get a 2-dimensional representation of G “for
free” (simply representing the elements of Do, by their matrices with
respect to the standard basis). If we assume that r is the counter-

clockwise rotation by Qf and s is the reflection with respect to the



cosZ  —sinZ®
x-axis, the corresponding p is given by p(r) = sin? cos2t and
n n

p(s) = ((1) _01) Note that technically p is a real representation (a

homomorphism from G to GLs(R)), but since every 2 x 2 real matrix
can be thought of as a 2 x 2 complex matrix, we can think of p as
a complex representation. Prove that this p is equivalent to some p,,
from part (a), explicitly find such w as well as a matrix 7" € G'Ly(C)
such that T7'p(g)T = p.(g) for all g € G.

(e) In class we proved that |G®| (which we know equals the number of one-
dimensional complex representations of ) is equal to 2 if n is odd and 4
if n is even. Now describe all one-dimensional complex representations
of G explicitly (it is enough to specify the images of r and s under these
representations).

We will soon prove that every complex irreducible representation of Dy, is
1-dimensional or 2-dimensional and, in the latter case, isomorphic to some
P as in part (a).

2. Given a field F', the Heisenberg group over F' is the group Heis(F') con-
sisting of all 3 x 3 upper unitriangular matrices in GL3(F’), that is, matrices

1 a c
of the form |0 1 b | with a,b,c € F. Denote by E;;()\) the matrix which
0 01

has 1’s on the diagonal, X in the position (7, j) and 0 everywhere else.
Let G = Heis(Z,) for some prime p.

a) Prove that [G,G] = {E13(\) : A € Z,} and that G®* 2 Z, x Z,.
p '4 '4

(b) Let x = Ey2([1]), y = Ea3([1]) and z = Ey3([1]) where [1] is the unity
element of Z,. Prove that

1

G={v,y,z| 2 =199 =1,2F = 1,22 = 2a,yz = 2y, 0 'y ‘ay = 2)

(c) Describe all one-dimensional complex representations of G.

3. A representation (p, V') of a group G is called cyclic if there exists v € V
such that the smallest G-invariant subspace of V' containing v is V' itself.

(a) Prove that any irreducible representation is cyclic.

(b) Give an example of a cyclic representation (of some group) which is
not irreducible.



4. A representation (p, V') of a group G is called faithful if p: G — GL(V)
is injective. Prove that if G is a finite abelian group which is NOT cyclic,
then G does not have any faithful irreducible complex representations.

5. Let (p1, V1) and (pa, V) be equivalent representations of a group G, and
let (p, Vi @ Va) be their direct sum. Let 7" : V} — V5 be an isomorphism
of representations and let W = {(v,T'(v)) : v € V1} C Vi & V4. Prove that
W is a G-invariant subspace and that (W, pjy) is isomorphic to (pi, V1) as a
G-representation. Note: We will use the result of this problem in the course
of the proof of orthogonality relations between characters.



On groups defined by generators and relations

Let G a group given by a presentation G = (z1,...,zx | R). Let @) be an-
other group. Note that a homomorphism p : G — @ is completely determined
by the elements p(z;) € @, with 1 < ¢ < k; however, given ¢,...,q € Q,
it is not always possible to find a homomorphism p : G — @ such that
p(x;) = q; for each i. The following proposition describes exactly when that
is possible.
Theorem A: Let q1,...,qx € Q. Then a homomorphism p : G — Q) such
that p(x;) = q; for each i exists <= each relation in R holds if we substitute
each x; by q;.
Note: In the setting of representation theory we will be applying this result
in the case when @) = GL(V') for some vector space V.
Proof: “=" Let u(xy,...,xr) = v(x1,...,x) be a relation in R. Here the
notations u(zy,...,xx) and v(zy,...,x) indicate that both sides of the re-
lations are words in z;’s and their inverses. Since p : G — @ is a homomor-
phism and p(z;) = ¢; for each i, we must have

plu(ry, ... xr)) = ulp(rr), ..., plew)) = ulqr, - - -, Q)

(here u(q, ..., q) is the expression obtained from u(xy,...,zy) by replacing
each x; by ¢;). Likewise p(v(z1,...,2%)) = v(q1,--.,qx). Thus, the equality
u(zy, ..., xp) =v(xy,. .., x) forces u(qr, ..., qx) = v(q, ..., )

“«<” Conversely, suppose that for every relation u(xy, ..., xg) = v(zy,...,Tk)
from R we have the corresponding equality u(qq,...,qx) = v(qi,...,qx) in

Q. Define p: G — Q by

plw(zy,...,xK)) =w(q, .., q)-

+1

In other words, we take g € G, represent it as word w(zy,...,x) in z;
(which we always can since G is generated by x1,...,x) and send it to the
same word in ¢q,...,qk. It is straightforward to see that p constructed in
this way will be a homomorphism (and will send each x; to ¢;) as long as it
is WELL defined.

So why is p well defined? Suppose that some g € G is represented by two
different words w(zy, ..., xx) and w'(z,...,xx), that is, we have a relation
w(wy, ..., o) = w(xy,...,x) in G. Since R is a set of defining relations,
we can show that this relation holds in G ONLY using relations from R.
But by assumption for each relation a(xq,...,xx) = b(xy, ..., zx) from R the

corresponding relation a(qy,...,qx) = b(q,...,q) in @ holds. Hence using



these relations, we can also show that w(q,...,q) = w'(q1,...,q), which
means precisely that p is well-defined. [J

Presentation for the abelianization.

Theorem B: Suppose that G has a presentation G = (1, ...,z | R). Then
its abelianization G has a presentation G = (x1,...,x;, | RUC) where C
is the set of commutation relations: C = {z;x; = xjx; 1 < j}.

“Proof”: (stated quite informally). In general, if we start with a presentation
for some group X and add some relations, we get a presentation for some
quotient of X. It is easy to see that if any two generators of a group commute,
then the group is abelian. Thus, the presentation (zq,...,z; | RUC) defines
an abelian quotient of G.

We know that relations R must hold in G% (since G® is a quotient of G)
and relations C' must hold in G since G is abelian. This means that G
is a quotient of the group G given by the presentation (xy,...,zx | RUC).
But we know that G is an abelian quotient of G and G is the LARGEST
abelian quotient of G. Thus, the only way G could be a quotient of G is
if it is the quotient by the trivial subgroup, and the latter means precisely
that (zy,...,z; | RUC) is a presentation for G%. [J

Corollary C: If QQ is abelian group and G is any group, then there is a
natural bijection between Hom(G,Q) and Hom(G®, Q) where Hom(X,Y)
1s the set of homomorphisms from a group X to a group Y.

“Proof”: At the end of Lecture 14 we gave a formal proof of Corollary C in
the case @) = F* for some field F', but the proof for general () is exactly the
same. We now give another (somewhat informal) proof using Theorems A
and B. For simplicity of notation we shall assume that G is generated by
finitely many elements zq, ..., .

Choose a presentation (x, ...,z | R) for G. By Theorem B, G then has a
presentation (xi, ...,z | RUC) where C' is the set of commutation relations
between the generators. By Theorem A we can construct all homomorphisms
from G to @ by sending generators zi, ...,z of G to k-tuples (qi,...,qx)
of elements of () satisfying the relations R. Likewise, homomorphisms from
G to Q must send generators of G' to k-tuples (qu,...,qx) satisfying the
relations RUC' (and this is the only restriction). But since @) is abelian, the
elements (qi,...,qx) will automatically satisfy the relations C. Thus, the
images of 71, ...,z under homomorphisms from G to @ satisfy exactly the
same restrictions as in the case of homomorphisms from G to (), which yields
a natural bijection between Hom (G, Q) and Hom(G, Q). O



